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Abstract
The node-based smoothed particle finite elementmethod (NS-PFEM) offers high
computational efficiency but is numerically unstable due to possible spurious
low-energy mode in direct nodal integration (NI). Moreover, the NS-PFEM has
not been applied to hydromechanical coupled analysis. This study proposes an
implicit stabilised T3 element-based NS-PFEM (stabilised node-based smoothed
particle finite element method [SNS-PFEM]) for solving fully hydromechanical
coupled geotechnical problems that (1) adopts the stable NI based on multiple
stress points over the smooth domain to resolve the NI instability of NS-PFEM,
(2) implements the polynomial pressure projection (PPP) technique in the NI
framework to cure possible spurious pore pressure oscillation in the undrained
or incompressible limit and (3) expresses the NI for assembling coefficientmatri-
ces and calculating internal force in SNS-PFEM with PPP as closed analytical
expressions, guaranteeing computational accuracy and efficiency. Four classi-
cal benchmark tests (1D Terzaghi’s consolidation, Mandel’s problem, 2D strip
footing consolidation and foundation on a vertical cut) are simulated and com-
pared with analytical solutions or results from other numerical methods to
validate the correctness and efficiency of the proposed approach. Finally, pen-
etration of strip footing into soft soil is investigated, showing the outstanding
performance the proposed approach can offer for large deformation problems.
All results demonstrate that the proposed SNS-PFEM with PPP is capable of
tracking hydromechanical coupled geotechnical problems under small and large
deformation with different drainage capacities.

KEYWORDS
hydro-mechanical coupling, large deformation , PFEM, polynomial pressure projection, stable
nodal integration

1 INTRODUCTION

Hydromechanical coupling has always been a major issue in geotechnical research, because the interaction between
deformable solid skeleton and pore fluid flow dominates many engineering problems, such as long-term consolidation
settlement,1 rainfall-induced landslides,2 internal erosion3,4 and embankment construction.5 Most such problems promi-
nently exhibit an obvious large-deformation feature. Numerical tools based on the finite elementmethod (FEM) have long
been developed to simulate such coupled geotechnical problems.1,3,4,6–10 However, it is well-known that several intrinsic
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2536 WANG et al.

defects of FEM would hinder its ultimate application.11–14 For example, the accuracy and convergence of FEM solution
can be greatly influenced by the mesh distortion. Traditional FEMwith low-order element (e.g., T3 element) tends to give
overly stiff solution and incur the volumetric locking when treating nearly incompressible solid, which requires specific
numerical techniques (e.g., B-bar method11,14) to fix. Meshfree methods could reduce the influence of mesh quality in
hydromechanical modelling15–19 but would introduce more trouble in the implementation of boundary conditions and
more computational cost in the evaluation of interpolation functions and derivatives.20,21 a highly efficient hydromechan-
ical coupling approach that benefits from the accuracy of traditional FEM and the large deformation ability of meshfree
method is worth studying.
The smoothed finite element method (S-FEM) based on the gradient smoothing technique is believed to be able to

introduce some advantages of meshfree methods into the low-order FEM interpolation scheme.22–24 The idea of using
both displacements and strains with some smoothing can trace back to the Taylor–Galerkin FEM,25–27 mixed stabilised
FEM,28,29 stabilised conforming nodal integration (NI) in meshfree methods,30–32 and then this idea was adopted in the
linear point interpolation setting.20,23,33 The smoothing domain in S-FEM usually brings into information from all adja-
cent elements and makes the solution more accurate than FEM.20,34 The use of variable mapping with Jacobian matrices
is also reduced or avoided, which makes S-FEM work well with heavy mesh distortion.20,35 Besides, S-FEM tends to give
‘softer’ solution which could alleviate the overly stiff problem of FEM with linear triangular element.20,33–35 Different
ways of constructing the smoothing domain have given rise to several methods, including cell-based S-FEM (CS-FEM),
edge-based S-FEM (ES-FEM) and node-based FEM (NS-FEM), most of which have been introduced into the simulation
of solid-fluid interaction problems.8,36–39 Considering the requirements of large deformation analysis, S-FEM could be
extended into an updated Lagrangian approach called the smoothed particle FEM (S-PFEM), which has recently shown
great suitability for simulating some unconventional geotechnical problems.40–44 In S-PFEM, all the nodes are movable
and regarded as a particle cloud discretising the calculation domain, with their connectivity repeatedly rebuilt using cer-
tain triangulation and boundary identification techniques. In particular, the NS-FEM could be conveniently improved
to the node-based smoothed particle FEM (NS-PFEM). Because all the essential variables in NS-FEM are characterised
by node-based smoothing domain, accuracy loss due to the variable mapping between quadrature points and particles—
common in traditional particle FEM (PFEM) and edge-based smoothed particle FEM (ES-PFEM)—could be avoided.
However, descriptions of the development and application of hydromechanical coupledNS-FEMare scant, except in some
papers38,39 that give primary construction. Besides, the skills needed for pore pressure stabilisation and the potential for
large deformation analysis still require further investigation and improvement in NS-PFEM.
Direct NI in NS-PFEM tends to incur the numerical instability due to spurious zero-energy mode, which comes from

the violation of integration constraint conditions.18,19,30,45 Recently, a stabilisation scheme based on a locally linear strain
assumption was proposed and applied in several mechanical problems,46–49 for which circle domains and quadrature
points must be identified to allow gradient evaluation. Meanwhile, a similar approach of adding more stress points in the
subdomains30,45,50 is seemingly worth consideration when constructing a stabilised node-based smoothed particle finite
element method (SNS-PFEM) method, because no extra evaluations of subdomain gradient is required in the 3-node
triangulation interpolation (T3) scheme.
Furthermore, nonphysical pore pressure oscillation is another tough issue in hydromechanical coupling problems,

especially when dealing with the undrained incompressible limit, that is, the conditions of low permeability and very
short periods.12,14,51,52 This is because a discrete inf-sup Ladyzhenskaya–Babuška–Brezzi (LBB) condition does not hold
for some interpolation pair of 𝐮 the solid displacement and 𝑝 the fluid pressure,53,54 especially the equal-order T3 element
adopted in SNS-PFEM. Many stabilisation strategies have been developed such as separate interpolations for coupled
physical fields,51 modifying the pressure equation by the divergence of momentum equation,55 finite-incremental cal-
culus formulation,56,57 Galerkin least square technique,58 fractional step methods,59 enhanced strain formulations,60 to
name a few. But these are either difficult in code modification or depend on sophisticated element construction that
is infeasible in a mesh-updating framework. The polynomial pressure projection (PPP) technique as a remedy to viola-
tion of LBB conditions,19,52,54 fortunately, offers a convenient approach that can be used in all the common interpolation
schemes, with only a relativelyminormodification needed to the discretised equations. It has beenwidely applied inmany
similar numerical problems that require pressure stabilisation, such as low permeable porous medium,19 incompressible
solid35 and Stokes flow equation,61 and has proven to be highly efficient. Thus, the PPP is worth to be implemented in the
SNS-PFEM framework to stabilise the possible fluid pressure oscillation.
This paper is organised as follows. In Subsections 2.1–2.2, the fully coupled hydromechanical numerical formulation is

established, with a detailed description of the governing equations in strong and weak forms, spatial discretisation based
on FEM-T3 interpolation and an implicit temporal discretisation 𝜃method. Subsections 2.3–2.5 introduce the principles of
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WANG et al. 2537

the gradient smoothing technique with stabilised NI, the PPPmethod and the particle method via the remeshing strategy.
NI for stabilised equations and PPP is derived to closed formulations in detail. Several benchmark tests with reference
solutions are implemented in Section 3, with the correctness and efficiency of the proposed SNS-PFEM validated and
analysed by comparison with reference solutions. Finally, a hydromechanical coupled large deformation simulation of
rigid footing penetration into soft soil is investigated in Section 4. The vertical reaction force–displacement curve and
other responses are presented and analysed to show the advantages of the proposed coupled SNS-PFEM.

2 HYDRO-MECHANICAL COUPLED SNS-PFEM

2.1 Strong and weak forms of governing equations

The momentum balance equation of deformable soil skeleton together with the effective stress principle is expressed as
Equation (1). The fluid is incompressible which obeys the linear Darcy’s rule in the porous medium, leading to the mass
conservation equation by combining Equations (2) and (3),

∇ ⋅ (𝝈′ − 𝑝𝐈) + 𝐛 = 𝟎 (1)

∇ ⋅ 𝐮 + ∇ ⋅ 𝐪𝑓 = 0 (2)

𝐪𝑓 = −
𝐤

𝛾𝑓
⋅ ∇𝑝 (3)

where 𝝈′is the effective stress tensor, 𝐈 the identity tensor, 𝐛 the body force in the medium, 𝐪𝑓 the Darcy velocity of fluid
flux, 𝛾𝑓 the unit weight of fluid, 𝐤 the hydraulic conductivity tensor, 𝐮 the solid displacement field and 𝑝 is the fluid
pressure field. 𝐮 and 𝑝 act as the primary unknowns in the hydromechanical coupling. The dot of �̇� and other variables
in this paper denotes the time derivative.
The infinitesimal strain tensor is expressed as Equation (4). The nonlinear constitutive model is written as in Equation

(5), where 𝔻𝑒𝑝 is the fourth-order elastoplastic tangential moduli.

𝜺 = ∇𝑠𝐮 =
1

2
(∇𝐮 + ∇𝐮𝑇) (4)

�̇� = 𝔻ep ∶ �̇� (5)

The natural and essential boundary conditions are exhibited in Equation (6), namely displacement boundary Γ𝑢, trac-
tion boundary Γ𝑡, fluid pressure boundary Γ𝑝 and imposed flow flux boundary Γ𝑞. The complementary conditions in
Equation (7) must be satisfied.

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝐮 = �̄� on Γ𝑢

𝐧 ⋅ 𝝈′ = �̄� on Γ𝑡

𝑝 = �̄� on Γ𝑝

−𝐧 ⋅ 𝐪𝑓 = �̄� on Γ𝑞

(6)

Γ = Γ𝑢 ∪ Γ𝑡 = Γ𝑝 ∪ Γ𝑞, Γ𝑢 ∩ Γ𝑡 = ∅, Γ𝑝 ∩ Γ𝑞 = ∅ (7)

As the prerequisite for deriving FEM equations, the equivalent weak forms of aforementioned partial differential equa-
tions together with the boundary conditions are stated in Equations (8) and (9), where 𝐮,𝑝 and their variations 𝛿𝐮 and 𝛿𝑝

are defined in appropriate trial function spaces 𝑆𝑢, 𝑆𝑝and test function spaces 𝑉𝑢, 𝑉𝑝.

𝑢 = ∫
Ω

(∇𝑠𝛿𝐮 ∶ 𝝈′ + 𝑝∇ ⋅ 𝛿𝐮 − 𝛿𝐮 ⋅ 𝐛)𝑑Ω − ∫
Γ𝑡

𝛿𝐮 ⋅ �̄�𝑑Γ = 0 (8)
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2538 WANG et al.

𝑝 = ∫
Ω

(−𝜕𝑝∇ ⋅ 𝐮 ∶ 𝝈′ + ∇𝜕𝑝 ⋅ 𝐪𝑓) 𝑑Ω = +∫
Γ𝑞

𝛿𝑝 ⋅
−
𝑞𝑑Γ = 0 (9)

2.2 Spatial and temporal discretisation

In this study, the linear three-node triangular (T3) element is used for spatial discretisation of both the solid displacement
𝐮 and the fluid pressure𝑝. Thus the approximate compatible displacement and fluid pressure 𝐮ℎ and 𝑝ℎ could be obtained
by Equations (10) and (11), where𝐔 is the nodal displacement vector and 𝐏 is the nodal pore pressure vector.𝐍𝑢 and𝐍𝑝

are shape function matrices for 𝐮 and 𝑝.

𝐮ℎ = 𝐍𝑢𝐔 (10)

𝑝ℎ = 𝐍𝑝𝐏 (11)

Substituting interpolated displacement 𝐮ℎ and pore pressure 𝑝ℎ with their corresponding variations 𝛿𝐮ℎ and 𝛿𝑝ℎ into
the equivalent weak forms shown in Equations (8) and (9), the coupled FEM equations—a system of time-dependent
ordinary differential equations—are derived as:{

𝐿ℎ
𝑢 = 𝐅int (𝐔) − 𝐂𝐏 − 𝐅ext = 0

𝐿ℎ
𝑝 = −𝐂𝑇𝐔 − 𝐊𝐶, 𝐏 + 𝐐 = 0

}
(12)

where the solid internal force 𝐅int(𝐔) is a nonlinear function of 𝐔 due to elastoplasticity. Hydromechanical coupling
matrix𝐂, permeabilitymatrix𝐊𝑐, external force𝐅ext and flow flux𝐐ext are presented in Equations (13)–(17).𝐦 = [1 1 0 ]

𝑇

is for plane strain problem, and 𝐤𝑓 is the permeability coefficient matrix expressed by Equation (18). Compatible gradient
matrices 𝐁𝑢 and 𝐁𝑝 are transformation matrix of gradient of 𝐍𝑢 and 𝐍𝑝 formulated in Equations (19) and (20). It can be
easily derived that 𝐁𝑢 and 𝐁𝑝 are piecewise constants. n is the total number of nodes.

𝐅𝑖𝑛𝑡(𝐔) = ∫
Ω

𝐁𝑢𝑇𝝈
′
𝑑Ω (13)

𝐊𝑐 = ∫
Ω

𝐁𝑝𝑇𝐤𝑓𝐁
𝑝𝑑Ω (14)

𝐂 = ∫
Ω

𝐁𝑢𝑇𝐦𝐍𝑝𝑑Ω (15)

𝐅ext = ∫
Γ𝑡

𝐍𝑢𝑇�̄�𝑑Γ + ∫
Ω

𝐍𝑢𝑇𝐛𝑑Ω (16)

𝐐ext = ∫
Γ𝑞

𝐍𝑝𝑇�̄�𝑑Γ (17)

𝐤𝑓 =
1

𝛾𝑓

[
𝑘𝑥 0

0 𝑘𝑦

]
(18)

𝐁𝑢 = 𝐋𝑑𝐍
𝑢 =

[
𝐁𝑢

1
𝐁𝑢

2
… 𝐁𝑢

𝑛

]
, 𝐋𝑑 =

⎡⎢⎢⎢⎢⎣
𝜕

𝜕𝑥
0

𝜕

𝜕𝑦

0
𝜕

𝜕𝑦

𝜕

𝜕𝑥

⎤⎥⎥⎥⎥⎦

𝑇

(19)

𝐁𝑝 = 𝐋𝑓𝐍
𝑝 =

[
𝐁

𝑝

1
𝐁

𝑝

2
… 𝐁

𝑝
𝑛

]
, 𝐋𝑓 =

[
𝜕

𝜕𝑥

𝜕

𝜕𝑦

]𝑇

(20)
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WANG et al. 2539

Finally, the temporal discretisation based on a trapezoidal rule7,62 is adopted here. In the single time step from 𝑡𝑛 to
𝑡𝑛+1, the pore pressure and flow flux are assumed to vary linearly, and the values at 𝑡𝑛+𝜃 as in Equation (21) are taken
to integrate the time-dependent mass conservation equation. Considering the residuals at 𝑡𝑛+1, the algebraic expression
of hydromechanical coupled problem is stated as Equation (22). Unconditional temporal stability can be achieved if the
integration parameter takes the value of 0.5 < 𝜃 ≤ 1.54,62 In this study, 𝜃 is fixed as 1, which implies a backward Euler
method. ⎧⎪⎨⎪⎩

𝐏𝑡𝑛+𝜃
= (1 − 𝜃)𝐏𝑡𝑛

+ 𝜃𝐏𝑡𝑛+1

𝐐ext
𝑡𝑛+𝜃

= (1 − 𝜃)𝐐ext
𝑡𝑛

+ 𝜃𝐐𝑒𝑥𝑡
𝑡𝑛+1

(21)

(
𝐑𝑢

𝐑𝑝

)
𝑛+1

=
⎛⎜⎜⎝

(𝐅𝑒𝑥𝑡)𝑡𝑛+1
+ 𝐂𝐏𝑡𝑛+1

− (𝐅𝑖𝑛𝑡(𝐔))𝑡𝑛+1

𝐂𝑇(𝐔𝑡𝑛+1
− 𝐔𝑡𝑛

) + Δ𝑡𝐊𝑐𝐏𝑡𝑛+𝜃
− Δ𝑡𝐐𝑒𝑥𝑡

𝑡𝑛+𝜃

⎞⎟⎟⎠ =

(
𝟎

𝟎

)
(22)

Noting that when the variation of geometry is prominent in one analysis step, the stress updating procedure should be
conducted taking into account the spin tensor𝐰 and Jaumann rate, leading to Equations (23) and (24).

𝝈𝑘+1 = 𝝈𝑘 + Δ𝑡(𝐰 ⋅ 𝝈𝑘 − 𝝈𝑘 ⋅ 𝐰) + 𝑫𝑒𝑝 ∶ Δ𝜺𝑘 (23)

𝐖 =
1

2
(∇�̇� − ∇�̇�𝑇) (24)

The nonlinear residual equations are solved in the monolithic Newton–Raphson iterative framework, where the
unknowns for the displacement and pore pressure are calculated simultaneously. The incremental solution for the k+ 1th
iteration is determined as Equation (25), where 𝐊𝑚 is the tangential stiffness matrix given by Equation (26). In this
equation, the matrix 𝐃 is denoted as the Voigt notation of the aforementioned 𝐷𝑒𝑝 in Equation (5).[

𝐊𝑚 −𝐂

−𝐂𝑇 −𝜃Δ𝑡𝐊𝑐

]
𝑘

[
Δ𝐔

Δ𝐏

]
(𝑘+1)

=

[
𝐑𝑢

𝐑𝑝

]
𝑘

(25)

𝐊𝑚 = ∫
Ω

𝐁𝑢𝑇𝐃𝐁𝑢𝑑Ω (26)

2.3 Smoothing technique and stable nodal integration

Comparing with FEM-T3, the advantages of the node-based smoothed FEM (NS-FEM) include insensitivity to mesh dis-
tortion, more accurate in strain energy norm and ease of volumetric locking.33 Moreover, it could be easily improved to
the particle-typemethodNS-PFEM for large deformation analysis, because all quantities of interest are directly stored and
updated based on the nodes, and the variable mapping from the quadrature points could be avoided.
It should be noted that NS-FEM has great potential but is not always locking-free when treating the nearly incom-

pressible solids.34 Only when the number of nodes is large enough and the ratio r of the number of unknown degrees of
freedom (DOF) and incompressible constraints approaches the optimal value 2,13,34 the results of NS-FEM will approach
the locking-free mode. In view of this, some potential remedies have been considered when using NS-FEM in the nearly
incompressible limit, such as the dual mesh,63 PPP35 and selective integration scheme.64 Such techniques can also be
applied in the SNS-PFEM to overcome the volumetric locking problem. In this paper for hydromechanical modelling,
only the compressible solids with the Poisson’s ratio smaller than 0.4 as soils are simulated.
The code of NS-FEM can be constructed based on an FEM-T3 code by several major modifications. Although it is more

complicated than adding a new element into an existing FEM code, the conversion of a traditional FEM code into an NS-
FEM code is still relatively simple. The first step is to construct the smoothing domain. A node-based smoothing domain
Ω𝑠

𝑘
marked by the node with position 𝐱𝑘 is composed of several subdomains Ω𝑠

𝑘,𝑞
, whose vertexes are the centroid of the

element and two midpoints of edge, as Figure 1 shows. Then, the gradient smoothing technique is presented based on the
weighting function (using piecewise constant shown in this study as Equation 27) and smoothing operation in Equation
(28). In a specific node-based smoothing domainΩ𝑠

𝑘
, the strain is assumed to be smoothed as a constant by Equation (29).
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2540 WANG et al.

F IGURE 1 Schematic of the construction of node-based smoothing domain

By using the smoothed strain �̄� with constitutive rules, the smoothed stress field �̄� could be calculated. Accordingly, the
smoothed gradient matrices �̄�𝑢

𝐼
, �̄�𝑝

𝐼
can then be derived by the smoothing operation as in Equations (30) and (31) from the

original compatible gradient matrices𝐁𝑢
𝐼
,𝐁𝑝

𝐼
in Equations (19) and (20). In Equation (27)–(31),𝐴𝑠

𝑘
is the area of smoothing

domain Ω𝑠
𝑘
and 𝐴𝑠

𝑘,𝑞
is the area of subdomain Ω𝑠

𝑘,𝑞
.

𝑊(𝐱𝑘 − 𝐱) =

{
1∕𝐴𝑠

𝑘
, 𝐱 ∈ Ω̄𝑠

𝑘

0, 𝐱 ∉ Ω̄𝑠
𝑘

(27)

∇̄𝑁𝐼(𝐱) = ∫
Ω𝑠

𝑘

∇𝑁𝐼(𝐱)𝑊(𝐱𝑘 − 𝐱)𝑑𝐱 (28)

�̄�(𝐱)|Ω𝑠
𝑘
=

1

𝐴𝑠
𝑘
∫

Ω𝑠
𝑘

𝜺(𝐱)𝑑Ω (29)

�̄�𝑢
𝐼 (𝐱) = ∫

Ω𝑠
𝑘

𝐁𝑢
𝐼 (𝐱)𝑊(𝐱𝑘 − 𝐱)𝑑𝐱 =

1

𝐴𝑠
𝑘

𝑛𝑘∑
𝑞=1

𝐴𝑠
𝑘,𝑞

𝐁𝑢
𝐼,𝑞, ∀𝐱 ∈ Ω̄𝑠

𝑘
(30)

�̄�
𝑝

𝐼 (𝐱) = ∫
Ω𝑠

𝑘

𝐁
𝑝

𝐼 (𝐱)𝑊(𝐱𝑘 − 𝐱)𝑑𝐱 =
1

𝐴𝑠
𝑘

𝑛𝑘∑
𝑞=1

𝐴𝑠
𝑘,𝑞

𝐁
𝑝

𝐼,𝑞, ∀𝐱 ∈ Ω̄𝑠
𝑘

(31)

The smoothed Galerkin weak form is presented in Equation (38), where the smoothed internal force�̄�𝑖𝑛𝑡(𝐔), smoothed
hydromechanical coupling matrix �̄� and smoothed permeability matrix �̄�𝑐 are obtained by replacing the compatible gra-
dients in Equations (13)–(15) with the smoothed counterparts of Equations (29)–(31). The smoothed stiffness matrix �̄�𝑚

is formulated in the same way. {̄𝑢ℎ = �̄�, (𝐔) − �̄�𝑃 − 𝐅𝑒𝑥𝑡 = 0

̄𝑢ℎ = �̄�𝑇 �̇� − �̄�𝑐𝐏 + 𝐐𝑒𝑥𝑡 = 0

}
(32)

[
�̄�𝑚 −�̄�

−�̄�𝑇 −𝜃Δ𝑡�̄�𝑐

]
𝑘

[
Δ𝐔

Δ𝐏

]
(𝑘+1)

=

[
𝐑𝑢

𝐑𝑝

]
𝑘

(33)

The stiffness, permeability and coupling matrices could be assembled with direct NI, which only use the smoothed
gradients of shape functions. However, the singular mode intrinsically caused by NI must be focused on owing to the
violation of integration constraints,45,65,66 which could be clearly caught in many meshfree and S-FEM simulations.19,39
In the example 3.3 of this study, the spurious spatial oscillations could be observed in the contours of displacement, stress
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WANG et al. 2541

and pore pressure when direct NI is applied. Puso et al. (2008) developed a modified stabilised conforming nodal inte-
gration (MSCNI) method to correct this error30,31 and applied it in meshfree hydromechanical analysis.19 With MSCNI,
each integration domain is divided to several subdomains, each of which is assigned with a stress stabilisation point. The
smoothed shape function gradient of stabilisation points is calculated based on the subdomain to eliminate the integration
oscillation.
In this numerical framework, a stabilisation technique similar to MSCNI is developed to reach a NS-PFEM with sta-

bilised NI (SNS-PFEM). The primary difference in coding is that in a meshfree interpolation scheme, such as reproducing
kernel particle or element-free Galerkin method, extra evaluation of smoothed gradient at each additional stress point is
unavoidable. However, due to the linear shape function and its piecewise constant derivatives in NS-PFEM, these counter-
parts just take the same value as the compatible gradient matrices that have been calculated beforehand, so that no extra
computational effort is required. The stabilisation technique first introduces some additional terms into Equation (32) to
formulate the stabilised smoothed weak form in Equations (34) and (35), where the Δ𝐮and Δ𝑝 are incremental displace-
ment and pore pressure separately at the current calculation step. Then it leads to the modified formulations of smoothed
stiffness, permeability and coupling matrices in SNS-PFEM as Equations (36)–(38) by linearisation. The integration sta-
bilisation coefficient 𝜀𝑠 is fixed as 1 by default in all the simulations of this study, as suggested in related papers.19,30 This
coefficient 𝜀𝑠 could also be altered to achieve better balance between the accuracy and numerical stability if necessary.30
𝜀𝑠 = 0 signifies a retreat to the NS-PFEM.

̄ℎ
𝑢 =

(
∫

Ω

�̄�𝑢𝑇�̄�𝑑Ω + 𝜀𝑠 ∫
Ω

(�̄�𝑢 − 𝐁𝑢)
𝑇
𝐃(�̄�𝑢 − 𝐁𝑢)Δ𝐮𝑑Ω

)
−

(
∫

Ω

�̄�𝑢𝑇𝐦𝐍𝑝𝑑Ω

)
𝐏 − 𝐅𝑒𝑥𝑡 = 0 (34)

̄ℎ
𝑝 = −

(
∫

Ω

�̄�𝑢𝑇𝐦𝐍𝑝𝑑Ω

)𝑇

d𝐔

−

((
∫

Ω

�̄�𝑝𝑇𝐤𝑓�̄�
𝑝𝑑Ω

)
𝐏 + 𝜀𝑠 ∫

Ω

(�̄�𝑝 − 𝐁𝑝)
𝑇
𝐤𝑓(�̄�

𝑝 − 𝐁𝑝)Δ𝑝𝑑Ω

)
+ 𝐐𝑒𝑥𝑡 = 0 (35)

[�̄�𝑚
𝐼𝐽]Ω𝑠

𝑘

= ∫
Ω𝑠

𝑘

�̄�𝑢𝑇
𝐼 𝐃�̄�𝑢

𝐽 𝑑𝐱 + 𝜀𝑠

𝑛𝑘∑
𝑞=1

∫
Ω𝑠

𝑘,𝑞

(�̄�𝑢
𝐼 − 𝐁𝑢

𝐼 )
𝑇
𝐃(�̄�𝑢

𝐽 − 𝐁𝑢
𝐽 )𝑑𝐱

= �̄�𝑢𝑇
𝐼
|Ω𝑠

𝑘
𝐃�̄�

𝑢
𝐽 |Ω𝑠

𝑘
𝐴𝑠

𝑘
+ 𝜀𝑠

𝑛𝑘∑
𝑞=1

(�̄�𝑢
𝐼
|Ω𝑠

𝑘,𝑞
− 𝐁𝑢

𝐼
|Ω𝑠

𝑘,𝑞
)
𝑇
𝐃(�̄�𝑢

𝐽
|Ω𝑠

𝑘,𝑞
− 𝐁𝑢

𝐽
|Ω𝑠

𝑘,𝑞
)𝐴𝑠

𝑘,𝑞
(36)

[
�̄�𝑐

𝐼𝐽

]
Ω𝑠

𝑘

= ∫
Ω𝑠

𝑘

�̄�
𝑝𝑇

𝐼
𝐤𝑓�̄�

𝑝

𝐽
𝑑𝐱 + 𝜀𝑠

𝑛𝑘∑
𝑞=1

∫
Ω𝑠

𝑘,𝑞

(�̄�
𝑝

𝐼
− 𝐁

𝑝

𝐼
)
𝑇
𝐤𝑓(�̄�

𝑝

𝐽
− 𝐁

𝑝

𝐽
)𝑑𝐱

= �̄�
𝑝𝑇

𝐼
|Ω𝑠

𝑘
𝐤𝑓�̄�

𝑝

𝐽
|Ω𝑠

𝑘
𝐴𝑠

𝑘
+ 𝜀𝑠

𝑛𝑘∑
𝑞=1

(�̄�
𝑝

𝐼
|Ω𝑠

𝑘,𝑞
− 𝐁

𝑝

𝐼
|Ω𝑠

𝑘,𝑞
)
𝑇
𝐤𝑓(�̄�

𝑝

𝐽
|Ω𝑠

𝑘,𝑞
− 𝐁

𝑝

𝐽
|Ω𝑠

𝑘,𝑞
)𝐴𝑠

𝑘,𝑞
(37)

[
�̄�𝐼𝐽

]
Ω𝑠

𝑘

= ∫
Ω𝑠

𝑘

�̄�𝑢𝑇
𝐼 𝐦𝐍𝑝𝑑𝐱 (38)

The integration shown in Equation (38) could be reformulated as the multiplication of a constant B matrix with a
integration of linear shape function in each subdomain Ω𝑠

𝑘,𝑞
, whereas the latter could be conducted analytically as in

Equation (39), where the relative position of nodes I, J andM are marked in Figure 1. Thus, all stable NI shown in Equa-
tions (36)–(38) can be conducted by the weighted sum of subdomain area, which minimises the computational cost due
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2542 WANG et al.

to inner loop on the quadrature points.

∫
Ω𝑠

𝑘,𝑞

𝑁𝐿𝑑𝐱 =

⎧⎪⎪⎨⎪⎪⎩

11

18
𝐴𝑠

𝑘,𝑞
, if𝐿 = 𝐼

7

36
𝐴𝑠

𝑘,𝑞
, if𝐿 ∈ {𝐽,𝑀}

0, otherwise

(39)

2.4 Polynomial pressure projection (PPP)

There is an inherent numerical defect for hydromechanical coupled simulationwhen low-order interpolations are equally
adopted for displacement and pressure field. In the undrained limit, that is, low permeability with very short time, non-
physical pore pressure oscillations appear if the interpolants are not adequately selected or other numerical techniques
to alleviate such numerical pathology are not employed, as exhibited in many numerical methods including the FEM,54
RKPM45 andMPM.52 A conceptual insight can be obtained by considering the four-block structure of the coefficientmatrix
in Equation (33). In the undrained limit when the p–p block approaches zero, solvability and stability of the algebraic
formulation as Equation (40) requires some extra necessary conditions.53,67 Themost important one is the discrete inf-sup
LBB condition for the interpolation spaces 𝑆ℎ

𝑢 and 𝑆ℎ
𝑝 as in Equation (41), where 𝐶0 is a positive constant independent of

the features of spatial discretisation, that is, the element size. Inmixed u–p FEM, specially designed Taylor–Hood element
pairs are widely used to meet the LBB condition when solving nearly incompressible problems.57[

�̄�𝑚 −�̄�

−�̄�𝑇 0

][
Δ𝐔

Δ𝐏

]
=

[
𝐑𝑢

𝐑𝑝

]
(40)

sup
𝐮ℎ∈𝑆ℎ

𝑢

∫
Ω

𝑝ℎ∇ ⋅ 𝐮ℎ𝑑𝐱‖𝐮ℎ‖1

≥ 𝐶0‖𝑝ℎ‖0, ∀𝑝ℎ ∈ 𝑆ℎ
𝑝 (41)

sup
𝐮ℎ∈𝑆ℎ

𝑢

∫
Ω

𝑝ℎ∇ ⋅ 𝐮ℎ𝑑𝐱‖𝐮ℎ‖1

≥ 𝐶1‖𝑝ℎ‖0 −
∑
Ω𝑒

𝐶2
‖‖‖𝑝ℎ −

∏
𝑝ℎ‖‖‖0

, ∀𝑝ℎ ∈ 𝑆ℎ
𝑝 (42)

∏
𝑝ℎ(𝐱)|Ω𝑒

=
1

𝑉𝑒 ∫Ω𝑒

𝑝ℎ(𝐱)𝑑𝐱 (43)

Undoubtedly, the equal-order T3 interpolation of 𝐮 and 𝑝 used in the SNS-PFEM has been proved to violate the LBB
condition in Equation (41).68 It is necessary to find a stabilisation schemewhich can overcome the spurious pressure oscil-
lation in undrained limit and also preserve the accuracy in drained conditions. Fortunately, Bochev et al.61 discovered that
the linear-order element pair satisfies a weak inf-sup condition in Equation (42), where 𝐶1 and 𝐶2 are positive constants
independent of discretisation. Here in Equation (42), the L2 projection operator

∏
that maps the pore pressure field into a

lower-order polynomial space needs to be identified. The operator is determined as the one that minimises the functional‖𝑝ℎ −
∏

𝑝ℎ‖2
𝐿2(Ω𝑒)

, whereΩ𝑒 is the element domain of 𝑆ℎ
𝑝 in T3 interpolation. Then it could be concluded that the opera-

tor
∏

is the element-average projection defined in Equation (43). Based on the weak inf-sup condition Equation (42), the
idea of PPP is proposed to compensate the deficiency of LBB condition of interpolation space pair by adding a stabilisation
term into the equivalent weak form, as in Equation (44). Detailed derivations can be found in previous studies.53,67,69

̄ℎ
𝑝,𝑠𝑡𝑎𝑏

= ̄ℎ
𝑝 − ∫

Ω

𝜀𝑓

[
𝛿𝑝ℎ −

∏
𝛿𝑝ℎ

] 𝜕

𝜕𝑡

[
𝑝ℎ −

∏
𝑝ℎ

]
𝑑𝐱 = 0 (44)

⎛⎜⎜⎝
[
�̄�𝑚 −�̄�

−�̄�𝑇 −𝜃Δ𝑡�̄�𝑐

]
𝑘

−

[
0 0

0 𝐒

]
𝑘

⎞⎟⎟⎠
[
Δ𝐔

Δ𝐏

]
(𝑘+1)

=

[
𝐑𝑢

𝐑𝑝

]
𝑘

+

[
0

𝐇𝑠𝑡𝑎𝑏
𝑡𝑛+1

]
𝑘

(45)

𝐒 = ∫
Ω

𝜀𝑓

[
𝐍𝑝 −

∏
𝐍𝑝

]𝑇 [
𝐍𝑝 −

∏
𝐍𝑝

]
𝑑𝐱 (46)
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WANG et al. 2543

𝐇stab
𝑡𝑛+1

= ∫
Ω

𝜀𝑓

[
𝐍𝑝 −

∏
𝐍𝑝

]𝑇 [
(𝑝ℎ −

∏
𝑝ℎ)

𝑡𝑛+1

− (𝑝ℎ −
∏

𝑝ℎ)
𝑡𝑛

]
𝑑𝐱 (47)

In this study, a stabilisation term of PPP is formulated in SNS-PFEM to reach a modified variational equation of conti-
nuity as in Equation (44), which is similar to what White and Borja used in Q4-P4 elements.54,70 Moreover, an automatic
estimation technique of stabilisation parameter 𝜀𝑓 proposed by Sun et al.69 is adopted, which considers the compressibility
of fluid and solid grains, and the variation of time step and mesh size,69,71 as in Equations (48)–(51):

𝜀𝑓 =
1

𝑀′

⟨
1 − 3

𝑐𝑤Δ𝑡

ℎ2

⟩(
1 + tanh

(
2 − 12

𝑐𝑤Δ𝑡

ℎ2

))
(48)

𝑐𝑤 = 𝑘𝑓𝑀
′ (49)

𝑀′ =
𝐾 + 4𝐺∕3

(𝐾 + 4𝐺∕3)∕𝑀𝐵 + 1
(50)

𝑀𝐵 =
𝐾𝑠𝐾𝑓[

𝐾𝑓(1 − 𝑛𝑓) + 𝐾𝑠𝑛𝑓

] (51)

where Δ𝑡 is the current length of time step,𝐾𝑠 the bulk modulus of solid grains, 𝐾𝑓 the bulk modulus of fluid, 𝐾and 𝐺

the bulk and shear modulus of solid skeleton separately and 𝑛𝑓 is the porosity of solid. ℎ is a characteristic length of

spatial discretisation, which is evaluated by ℎ =
√

𝐴𝑠
𝑘
for each smoothing domain. Here, the 𝐾𝑠= 50 GPa and 𝐾𝑓 = 2 GPa

are fixed as a weak-compressibility approximation of the mixture to estimate the stabilisation parameter, seeing in Sun
et al.69 According to Equation (50), the constrained modulus M′ is very close to K + 4G/3 as long as the Ks and Kf are
set much larger than the solid skeleton modulus K and G. All the parameters used here are either material properties or
discretisation sizes decided by the numerical model, and no calibration is needed. As the time step and permeability grow
from extremely low to relatively high levels, the 𝜀𝑓 will decrease to zero gradually. With these formulations, the PPP can
preserve both accuracy and stability from undrained limit to drained conditions.67,72
In solving the stabilised equations of smoothed Galerkin weak form, the modified Newton–Raphson iterative formu-

lations can be written as Equations (45)–(47). Only a stabilisation block 𝐒 and a stabilisation residual 𝐇stab
𝑡𝑛+1

need to be
formulated to modify the iteration format, leaving all the remaining procedures unchanged. This is an obvious advantage
of PPP, whereby adding only some minor plug-ins to the original SNS-PFEM code could achieve a prominent stability
effect.
As indicated in Equations (42), (44) and (45), the stabilisation term is only related to the element-based shape func-

tion and projection operator of interpolated pressure space, free of using the gradients of shape function. Therefore, the
smoothing operation is not applied in the sub block 𝐒. For the consistency of code, the assembly of block 𝐒 could still be
reformulated to an NI procedure as shown in Equations (52) and (53). It arises from the fact that the value of 𝐒 for each T3
element is nothingmore than a constant matrix scaled by its area. So, it can be evenly distributed to the three subdomains.
Now, all the subblocks in Equation (45) are integrated without any quadrature points. These analytical formulations as
in Equations (39) and (52) not only offer considerable CPU time saving and high accuracy but also reduce the numerical
risk from distorted mesh, since the evaluation of Jacobian determinant is avoided.

[𝐒]Ω𝑠
𝑘,𝑞

∶ =𝜀𝑓𝐇𝑓𝐴
𝑠
𝑘,𝑞

(52)

𝐇𝑓 =

⎡⎢⎢⎢⎣
𝑎 𝑏 𝑏

𝑏 𝑎 𝑏

𝑏 𝑏 𝑎

⎤⎥⎥⎥⎦ , with𝑎 =
1

18
and𝑏 = −

1

36
(53)
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2544 WANG et al.

2.5 Re-meshing strategy for large deformation simulation

In large deformation analysis, if the initial configuration and mesh are kept constant, serious errors will occur because
the small strain assumption no longer holds when there is sufficiently large deformation gradient. The traditional method
of mesh updating based on pure displacement increment is always accompanied with mesh entanglement. In PFEM, a
novel strategy is developed using particle discretisation strategy.5,73–76 Particles with updated positions are regarded as
the cloud for domain discretisation, whose connectivity are renewed via Delaunay triangulation in each remeshing step
to reduce the mesh distortion. The alpha shape technique is applied to delete unreasonable elements on boundary.74 As
long as the mesh has been updated, the subsequent calculation in the current step is just the same as regular NS-FEM.
Comparingwith traditional PFEMorES-PFEM,NS-PFEMhas the advantage of high accuracy. Since all physical quantities
of interest are stored at nodes (i.e., displacements, pore pressure) or updated by the node-based smoothing domains (i.e.,
strain, stress, state variables of soil model), variable mapping between the nodes and quadrature points is not needed,
resulting in the reduction of accuracy loss. Because the total variation of geometry has been decomposed into a number of
small incremental sub steps, the accuracy of infinitesimal strain formulation with Cauchy stress shown in Equations (4)
and (5) could still be preserved, which is also widely adopted and verified in previous PFEM-based large deformation
simulations.74,77,78

3 VERIFICATION OF THE NUMERICAL APPROACH

Four benchmark hydromechanical coupled problems are simulated using the proposed SNS-PFEM. Analytical solu-
tions of the 1-D Terzaghi consolidation and Mandel’s model under normal compression are available to validate our
numerical results.5,19,52,79,80 When dealing with Mandel’s model under shear force and strip footing consolidation with
Mohr–Coulomb (MC) soil, several reliable numerical solutions are provided as references.8,37,39,81 The vertical cut prob-
lem is also simulated by the proposed SNS-PFEM with PPP to investigate the evolution of local failure. The effectiveness
of PPP and NI stabilisation is discussed by simulating the same case with these techniques activated or not. Besides, the
performance of SNS-PFEM is also compared with other reliable numerical results which use different numerical methods
or stabilisation techniques.39,82

3.1 1D Terzaghi’s consolidation

Terzaghi’s 1-D model of consolidation in saturated elastic soil80 has been a primary validation test for most newly devel-
oped coupled numerical methods.5,19,37,39,52,54,62,82 In this study, a porous rectangular medium of 1 m drainage height and
0.06mwidth is taken, with the lateral displacement of left and right edge, and both directions of the bottom edge are fixed,
as shown in Figure 2. Only the top surface is permeable. A uniform mesh with 255 nodes and 402 elements is used. The
elastic parameters are set as Young’smodulusE= 10MPa, Poisson’s ratio ν = 0.3. The unitweight of fluid is 𝛾𝑤 = 10 kN/m3.
A uniform load of P0 = 10 kPa is applied on the drainage surface instantly at the first time step. The dimensionless time

is defined as in Equation (54). Two different cases 1 and 2 are investigated. For case 1 exhibited in Figures 3 and 4A, the
total period of t= 5 s, the time step of Δt= 1 s and the permeability of k= 10–9 m/s are set to approach the undrained limit
which tends to trigger the pressure oscillation mode. This parameter setting also agrees with the same example analysed
in a recent study.39 For case 2 shown Figure 4B, another setting of t = 15 s, Δt = 0.02 s and k = 10–4 m/s is adopted which
is corresponding to the drained conditions. The value of PPP parameter 𝜀𝑓 is determined by the Equation (48).

𝑇 =
𝑐𝑣𝑡

𝐻2
,with 𝑐𝑣 =

𝑘

𝑚𝑣𝛾𝑤
, 𝑚𝑣 =

(1 + 𝜈) (1 − 2𝜈)

𝐸 (1 − 𝜈)
(54)

As Figure 3A shows, in case 1 if the pressure stabilisation coefficient 𝜀𝑓 and integration stabilisation coefficient 𝜀𝑠
both take the value 0, the severe fluid pressure oscillation in the undrained limit could be captured. 𝜀𝑠 = 1 with 𝜀𝑓 = 0
leads to some stabilisation as in Figure 3B, whereas 𝜀𝑠 = 0 with PPP would produce a much more significant effect in
Figure 3C. A combination of both stabilisation remedies taking 𝜀𝑠 = 1 and PPP will eliminate this instability and gener-
ate a result in good agreement with the analytical solution. It can be concluded that PPP solves the problem of spurious
pressure oscillations effectively, although NI stabilisation could also help somewhat. This conclusion can also be sup-
ported by a related study,39 in which the newly developed I-NSPIM and I-NSRPIM based on only the NI stabilisation
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WANG et al. 2545

F IGURE 2 1-D Terzaghi consolidation with mesh

(A)

(C) (D)

(B)

F IGURE 3 Distribution of normalised pore
pressure with normalised depth in the undrained
limit (case 1) with different numerical settings: (A)
𝜀𝑠 = 0, 𝜀𝑓 = 0; (B) 𝜀𝑠 = 1, 𝜀𝑓 = 0; (C) 𝜀𝑠 = 0,
𝜀𝑓 = 1.47 × 10−4; (D) 𝜀𝑠 = 1, 𝜀𝑓 = 1.47 × 10−4

 10969853, 2022, 13, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nag.3417 by South U

niversity O
f Science, W

iley O
nline L

ibrary on [12/10/2022]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



2546 WANG et al.

F IGURE 4 (A) Comparison of SNS-PFEM + PPP with other stabilisation methods39 (case 1); (B) 1-D Terzaghi consolidation with
SNS-PFEM (𝜺𝒇 = 0) in drained condition (case 2); (C) 1-D Terzaghi consolidation with SNS-PFEM + PPP (𝜺𝒇 = 1.39 × 10−4) in drained
condition (case 2). PPP, polynomial pressure projection; SNS-PFEM, stabilized node-based smoothed particle finite element method

strategy46–49 are adopted. As Figure 4A shows, their effect is limited, indicating that pure NI modification cannot totally
stabilise the pore pressure. Figure 4B, C presents that in case 2, the results are reasonable with both 𝜀𝑓 = 0 and 𝜀𝑓 in
Equation (48). PPP is unnecessary in the drained condition, because the permeability and drainage period are large
enough to avoid triggering the numerical instability. But it does not introduce any additional error since the stabilisa-
tion parameter can be reduced to a reasonable level (i.e., approaching zero) as the permeability increases. The foregoing
results demonstrate that the PPP is highly efficient in overcoming the pore pressure oscillation in the SNS-PFEM frame-
work, especially in conditions of low permeability and short period, with integration stabilisation techniques also able
to help somewhat. Besides, PPP performs well in the drained problems with the automatic stabilisation calibration
scheme.

3.2 Mandel’s problem

As Figure 5 shows, a sandwich-like saturated elastic soil subjected to an instant external load on the top is investigated,
where the left and right sides are set as drainage boundaries. The classical theory about the Mandel–Cryer effect states
that for the normal compression model in Figure 5A, the excess pore water pressure at the centre point A will evolve in a
nonmonotonic manner, first increasing and then decreasing.79 Later studies revealed that replacing the normal compres-
sion with shear force could lead to a similar effect82,83 but one that is more sophisticated and that poses a greater challenge
to numerical simulation.39
Here, the SNS-PFEM is implemented in both the normal compression and shear modes, aiming to reproduce the

Mandel–Cryer effect. A uniform mesh with 845 nodes and 1560 elements is adopted. The parameters are the same as
in the recent study39 to ensure a fair comparison: Young’s modulus E = 100 MPa, Poisson’s ratio ν = 0.2, unit weight of
fluid 𝛾𝑤 = 10 kN/m3, permeability k = 10–4 m/s, the total period of t = 300 s and time step of Δt = 0.05 s. A uniform load
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WANG et al. 2547

F IGURE 5 Mandel’s problem: (A) normal compression mode; (B) shear force mode; (C) mesh

(A)

(C) (D)

(B)

F IGURE 6 Evolution of (A) dimensionless pore pressure at point A; (B) dimensionless horizontal displacement at point B; (C)
dimensionless pore pressure at point C and (D) dimensionless pore pressure at point D by different numerical methods

of P0 = 100 kPa is applied on the top instantly in the first time step vertically or laterally for two modes. The pore pressure
stabilisation is activated. Four watch points A, B, C and D are set as shown in Figure 5 to output the variables of interest.
Results and comparisons are recorded in Figure 6. The definition of dimensionless time for this problem is defined the
same as in Equation (54), where H takes the value of half hight h in Figure 5A.
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2548 WANG et al.

F IGURE 7 Evolution of dimensionless pore pressure at point A with different permeabilities

From Figure 6, all the curves of pore pressure and displacement accord well with the analytical solutions82 or reference
solutions.39 For the normal compression mode, pore pressure at A goes up first, then down, as predicted by Mandel–
Cryer effect and seen in Figure 6A. The horizontal position of the right edge expands instantly then gradually shrinks
until drainage consolidation is finished, as shown in Figure 6B. Pore pressure at points C and D in the shear mode evolves
similarly, as shown in Figure 6C, D, where the reference solution is provided by an FEM simulation with very finemesh.39
SNS-PFEM performance is better than that of I-NSPIM and I-NSRPIM in ref.39 at early stage, as indicated in Figure 6C, D.
In summary, the proposed SNS-PFEM with PPP reproduces the Mandel–Cryer effect well for both normal compression
and shear mode, with its greater accuracy comparable to the recently proposed I-NSPIM and I-NSRPIM. Figure 7 presents
the results of normal compressionmode with different permeabilities. The length of dimensionless time is set as the same
in different cases for comparison. The results shows that the performance of SNS-PFEMwith PPP is quite good to exhibit
the Mandel–Cryer effect clearly even under a very low permeability k = 10–9 m/s.

3.3 Strip footing consolidation of Mohr–Coulomb soil

The simulation of long-term consolidation is implemented in MC soil under a flexible footing load to assess the perfor-
mance of coupled SNS-PFEMwith material nonlinearity. A discretised half configuration considering the symmetry with
load and boundary condition is exhibited in Figure 8, where the half width of footing is a = 3 m. A nonuniform mesh of
580 nodes and 1071 elements is adopted. A distorted mesh by randomly shifting the position of nodes is also presented
to check the robustness of SNS-PFEM under the biased spatial discretisation. The top surface is free-draining except the
segment under the bottom of footing which is impermeable. The material parameters for MC model are listed as follows:
Young’s modulus E = 2000 kPa, Poisson’s ratio ν = 0.3, friction angle ϕ = 20◦, dilatancy angle ψ = 20◦ and cohesion
c= 10 kPa. The permeability is set to k= 10–5 m/day. The unit weight of fluid is 𝛾𝑤 = 10 kN/m3. The dimensionless time in

F IGURE 8 Geometry and mesh of strip footing consolidation: (A) regular mesh; (B) distorted mesh
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WANG et al. 2549

F IGURE 9 (A) Evolution of dimensionless pore pressure at point A; (B) evolution of dimensionless vertical displacement at point A; (C)
distribution of dimensionless horizontal displacement with dimensionless depth along the section B with different numerical methods or
spatial discretisation

this plane strain problem is defined as 𝑇v =
𝐸𝑘𝑡

2𝛾𝑤(1+𝜈)(1−2𝜈)𝑎2
. P0 = 100 kPa is uniformly applied during a period of Tv = 0.01

(t = 46.8 days) by 10 steps, with the time growth factor (TGF) of 1.1 set afterwards. Note that all the parameters keep the
same as in studies81,84,85 for the convenience of comparison. The results of PFEMwith two interpolation schemes (i.e., T3
for pore pressure and T6 for displacement; T3 for both displacement and pore pressure) using the samemesh in Figure 8A
are also presented to compare their efficiency and accuracy.
The results of SNS-PFEM in Figures 9 and 11B, D, F are acquired with 𝜀𝑠 = 1 and 𝜀𝑓 in Equation (48). Evolutions of pore

pressure and vertical displacement at centre point A, and the distribution of horizontal displacement along section B at
the end of consolidation process are presented in Figure 9. All the results of PFEM and SNS-PFEM with regular or dis-
torted mesh agree well with the widely adopted benchmark numerical solutions.81,84,85 It shows the mesh dependency of
SNS-PFEM is not prominent. Figure 10 presents the results of SNS-PFEM with different TGFs in the consolidation stage,
which take the total number of time steps as 393, 106, 49 and 36 separately for the same dimensionless time Tv = 100.
It shows that the accuracy of SNS-PFEM is not influenced by the temporal discretisation. The integration stabilisation
coefficient 𝜀𝑠 is then reduced from 1 to 0.0001 corresponding to the NS-PFEM with the regular mesh, leading to the
results of Figure 11A, C, E. The contours of total displacement, shear stress and pore pressure in Figure 11 are captured
at the end of step 10, when the loading has just finished. These contours are plotted in an extracted window near the
footing bottom rather than the whole domain to highlight the comparisons. It can be seen that removing the integra-
tion stabilisation technique would produce a sawtooth displacement mode, creating some noise in the distribution of
stress and pore pressure. Furthermore, it is discovered that the solution cannot converge if both 𝜀𝑠 and 𝜀𝑓 are set to 0.
The stabilisation of pore pressure and NI are necessary in this consolidation problem with material nonlinearity using
NS-PFEM.
To further examine the effectiveness of PPP techniquewhen it is approaching the undrained condition, the permeability

is reduced to a very low value of k= 10–12 m/day, and all the boundaries are set to be impermeable. Since the non-physical
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2550 WANG et al.

F IGURE 10 (A) Evolution of
dimensionless pore pressure at point A; (B)
evolution of dimensionless vertical
displacement at point A; (C) distribution of
dimensionless horizontal displacement with
dimensionless depth along the section B of
SNS-PFEM with different TGFs. TGF, time
growth factor; SNS-PFEM, stabilized
node-based smoothed particle finite element
method

pressure oscillations is significant under the transient loading (i.e., very short time), only the results of the first time step
are plotted to highlight the improved performance of SNS-PFEM with PPP. The contour of pore pressure is recorded in
Figure 12A without PPP and in Figure 12B with PPP. As illustrated, the checkboard pattern can be largely alleviated to
a reasonable mode when the pressure stabilisation is activated. It visually demonstrates how the PPP can eliminate the
spurious oscillation of pore pressure when the undrained incompressible limit is investigated.
To examine the computational efficiency of SNS-PFEM and PFEM, the consumed CPU time and the number of iter-

ations of each step for the simulations in Figure 9 are presented in Figure 13. All simulations are conducted using the
same computer with i7-10750H CPU @ 2.60 GHz, 16.0 GB RAM. The number of iterations appears to be a little larger of
SNS-PFEM than that of PFEM under the same convergence criterion. This may come from the increased bandwidth of
algebraic equation of node-based smoothing construction,33 and the requirement of numerical stabilisation.30 Whilst the
computational time for SNS-PFEM is less than that of PFEM. In this problem with the same mesh in Figure 8A, the total
number of DOF of PFEM (T3p/T6u), PFEM (T3p/T3u) and SNS-PFEM are 11,726, 3990 and 3990 separately. Higher-order
interpolation increases the DOFs, and the computational cost rises exponentially as of PFEM (T3p/T6u). The reason why
SNS-PFEM is more efficient than PFEM (T3p/T3u) can be summarised as: (1) the NI of SNS-PFEM in this study is organ-
ised in an area-weighed approach, avoiding the loop on the quadrature point level; and (2) the cost for variable mapping
between nodes and quadrature points for PFEM is not needed. Although all the methods generate accurate results as in
Figure 9 and converge in a similar way as in Figure 13B, the computational efficiency of SNS-PFEM seems superior to that
of traditional PFEMs.

3.4 Foundation on a vertical cut

The plane strain problem of foundation on a vertical cut is simulated in this section. The foundation of 5 m width is rigid
and pressed vertically into the soil, of which the contact with the soil surface is cohered perfectly. Geometry and boundary
conditions are presented in Figure 14A. The movement of the bottom edge of soil in both directions, and the horizontal
movement of the right edge are fixed. The top and left boundaries of soil is assumed to be permeable. The soil is simulated
using a strain-softening associated MC model,42,86 with Young’s modulus E = 2000 kPa and Poisson’s ratio ν = 0.3. The
friction angle ϕ, dilatancy angle ψ, and cohesion c are reduced with the accumulated equivalent plastic strain (PEEQ) as
in the Equations (55)–(57):
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WANG et al. 2551

F IGURE 11 Contour of total displacement with (A) NS-PFEM and (B) SNS-PFEM; contour of shear stress with (C) NS-PFEM and (D)
SNS-PFEM; contour of pore pressure with (E) NS-PFEM and (F) SNS-PFEM. NS-PFEM, node-based smoothed particle finite element
method; SNS-PFEM, stabilized node-based smoothed particle finite element method

𝜙 = 𝜓 = 𝜙𝑟 + (𝜙𝑝 − 𝜙𝑟)𝑒
−𝜂𝜀

𝑝
𝑒𝑞 (55)

𝑐 = 𝑐𝑟 + (𝑐𝑝 − 𝑐𝑟)𝑒
−𝜂𝜀

𝑝
𝑒𝑞 (56)

𝜀
𝑝
𝑒𝑞 =

√
2(𝐞𝑝 ∶ 𝐞𝑝)∕3 (57)

where 𝜙𝑝 = 15◦and 𝑐𝑝 = 25 kPa are the peak values of friction angle and cohesion; 𝜙𝑟 = 𝜙𝑝∕5 𝑐𝑟 = 𝑐𝑝∕5 are the residual
values separately. 𝜀𝑝𝑒𝑞 is the equivalent deviatoric plastic strain, with 𝐞𝑝 the plastic deviatoric strain tensor defined in
Equation (57). 𝜂 is the shape factor controlling the strain softening rate. In this study, 𝜂 takes the value of 3 according to
Jin et al.42 The permeability is set as k = 10–7 m/s. The total vertical displacement U = −0.5 m is applied within a period
of t = 107 s by 20 steps uniformly. Two types of mesh are generated as in Figure 14B and C to investigate the discretisation
dependency of localised strain softening problem. The mesh 1 is generated automatically with a Delaunay triangulation
code, and the mesh 2 is constructed based on a 25 × 25 square lattice. The mesh 2 is biased since the hypotenuse of each
element is at an angle of π/4 with the horizontal axial.
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2552 WANG et al.

F IGURE 1 2 Contour of pore pressure in the undrained incompressible limit using (A) SNS-PFEM without PPP; (B) SNS-PFEM with
PPP. PPP, polynomial pressure projection; SNS-PFEM, stabilized node-based smoothed particle finite element method

F IGURE 13 Comparison of convergence rate and computational time for PFEM and SNS-PFEM. PFEM, particle finite element method;
SNS-PFEM, stabilized node-based smoothed particle finite element method

F IGURE 14 Geometry and mesh of
foundation on a vertical cut: (A) geometry
with boundary conditions; (B) uniform mesh
(mesh 1); (C) biased mesh (mesh 2)

Figure 15 exhibits the distribution of equivalent deviatoric plastic strain at the vertical displacementU= −0.5m. A clear
shear band is formed in the strain softening soil, indicating the localised failure feature. Figure 16 presents the relationship
between vertical displacement and vertical reaction force. Three stages of the curve can be observed as: (1) the reaction
force increases linearly with the displacement before yielding; (2) the reaction force decreases with the displacement
when the shear band develops, until the localised failure is formed and (3) the reaction force is stable at the level of
residual strength, which indicates the movement of a sliding body along the failure plane. Previous study revealed that
in a traditional FEM with the biased mesh, the shear band would be influenced by the orientation of element,87 that is,
the shear band will form along the softening direction by the biased mesh, that is, π/4 in this study as Figure 14C shows.
However, with SNS-PFEM the shear bands exhibited in Figure 15 are almost the same from two meshes. Besides, the
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WANG et al. 2553

F IGURE 15 Contour of equivalent deviatoric plastic strain with deformed mesh at the end of loading: (A) uniform mesh (mesh 1); (B)
biased mesh (mesh 2)

F IGURE 16 Reaction force-vertical displacement curve for the foundation on a vertical cut problem

magnitude of PEEQ and vertical reaction force-displacement curves also agrees well between mesh 1 and mesh 2. All the
results demonstrate that the proposed coupled SNS-PFEM is able to simulate the problem of localised failure correctly
with low mesh dependency when the strain softening constitutive model is adopted.

4 LARGE DEFORMATION ANALYSIS OF FOOTING PENETRATION

4.1 Rigid footing on the Tresca soil

Rigid footing penetration into soft soil is a benchmark test when validating numerical frameworks that involve large
deformation, such as FEM-ALE,14,88,89 MPM,90 PFEM91 and SPFEM.74 When simulating the undrained condition using
total stress approach, the Poison’s ratio of soil is usually set larger than 0.49.88–90 However, in the hydromechanical coupled
SNS-PFEM, the simulation can be realistically performed with more reasonable Poisson’s ratio. In this problem, the huge
variation of configurationwithmechanical response leads to the coupling of strong geometrical andmaterial nonlinearity.
The discretised half configuration and mesh with load and boundary conditions are presented in Figure 17, with the

half-width of strip footing set to B/2 = 1 m. A nonuniform mesh of 3729 nodes, 7286 elements is adopted. The weightless
soft soil is modelled by Tresca model with Poisson’s ratio ν = 0.3 and the cohesion cu = 1 kPa. Different values of Young’s
modulus E are taken to investigate the influence of the rigidity index Ir on the bearing capacity. The rigidity index Ir
is defined as the ratio between the shear modulus G and the cohesion cu, 𝐼𝑟 = 𝐺∕𝑐𝑢 = 𝐸∕(2(1 + 𝑣)𝑐𝑢). All the material
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2554 WANG et al.

F IGURE 17 Geometry and mesh of strip footing penetration on Tresca soil

F IGURE 18 Normalised soil resistance-penetration depth curve for strip footing penetration on Tresca soil

properties are set as the normal values for saturated clay. The unit weight of fluid is 𝛾𝑤 = 10 kN/m3. The permeability
is set as k = 10–9 m/day. The dimensionless time is defined as 𝑇v =

𝐸𝑘𝑡

2𝛾𝑤(1+𝜈)(1−2𝜈)𝐵2
. A uniform vertical displacement of

U = −2 m is applied to the footing bottom during a short period of Tv = 1 by 200 steps. The pore pressure stabilisation is
used. All the material properties are set as the common values for saturated clay.
Figure 18 presents the relationship between normalised penetration depth and soil resistance acquired by SNS-PFEM

and SNS-FEM, together with several reference solutions of PFEM91 and NS-PFEM.44 Prandtl’s solution is derived assum-
ing that the footing bottom is placed on the soil surface, with global instability occurring when soil resistance reaches
its capacity of (2 + 𝜋) cu.92 Meyerhof’s solution is derived based on a deeply embedded footing model with local failure,
leading to the enhanced capacity of (2+ 2𝜋) cu.93 When the footing penetrates from the soil surface to a prominent depth,
the resistance is believed to transit from the Prandtl’s solution to the Meyerhof’s solution, even passing through the latter
with deep enough penetration.94 In Figure 18, the result of SNS-FEM based on the initial configuration and fixed mesh is
clearly close to the Prandtl’s solution at a small penetration, reflecting the small-deformation and un-embedded charac-
teristic of shallow foundation. Whilst as the deformation becomes larger, the result of SNS-FEM is not reliable anymore.
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WANG et al. 2555

F IGURE 19 Contour of (A) pore pressure; (B) equivalent deviatoric plastic strain at the penetration depth of 0.1 m with stabilized
node-based smoothed particle finite element method (SNS-PFEM) (Ir =33.4)

F IGURE 20 Contour of (A) total displacement; (B) shear stress; (C) pore pressure; (D) equivalent deviatoric plastic strain at the
penetration depth of 2 m with stabilized node-based smoothed particle finite element method (SNS-PFEM) (Ir =33.4)

The curves of SNS-PFEM, on the other hand, clearly exhibit a transition mode from the lower bound to the upper bound.
Results by PFEM, NS-PFEM and SNS-PFEM are very close to each other for the same Ir, especially at the early stage.
The SNS-PFEM with a higher rigid index tends to give a stiffer response, whereas the difference becomes smaller as the
penetration is deeper. The same trend can also be observed in the results of PFEM91 and NS-PFEM.44
The contours of pore pressure and equivalent deviatoric plastic strain under small deformation are exhibited in

Figure 19. As for large deformation, the displacement and pore pressure distribute quite smoothly as in in Figure 20A, C,
indicating the correctness of the remeshing scheme. The contour of shear stress in Figure 20B is slightly noising, because
rebuilding the node’s connectivity changes the stiffness matrix abruptly each time, altering the smoothness of SNS-PFEM
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2556 WANG et al.

F IGURE 2 1 Normalised soil resistance – centre line displacement for flexible footing penetration on Mohr–Coulomb soil

F IGURE 22 Contour of (A) pore pressure; (B) equivalent deviatoric plastic strain with stabilized node-based smoothed particle finite
element method (SNS-PFEM) for flexible footing penetration on Mohr–Coulomb soil (ψ = 1◦)

to a degree. The jump of stiffness in re-meshing is also believed to cause the fluctuation of resistance-displacement curve
in Figure 18, which is unavoidable in PFEM-class methods.74,91 Some rebalancing or smoothing techniques could be con-
sidered but lack the physical foundation. The equivalent deviatoric plastic strain is presented in Figure 20D, from which
the shear failure band can be clearly captured. The foregoing results prove the correctness and stability of the proposed
SNS-PFEM framework in large deformation simulation.

4.2 Flexible footing onMohr–Coulomb soil

In this section, a case of undrained strip footing on MC soil presented in Sloan and Abbo6 is simulated and the large
deformation analysis is achieved by increasing the loading. The parameters of MC and the loading settings are the same
as those used by Sloan and Abbo.6 The friction angle is ϕ = 20◦, while the dilatancy angle ψ is set between 0◦ and 20◦ to
investigate its influence on the mechanical response.6 The remaining mechanical and hydraulic parameters are listed as
follows: Young’s modulus E = 2000 kPa, Poisson’s ratio ν = 0.3, cohesion c = 10 kPa, permeability k = 10–5 m/s and fluid
weight 𝛾𝑤 = 10 kN/m3. The same geometry in Figure 8A with a fine mesh of 1947 nodes and 3752 elements is used. All the
boundaries are impermeable. The dimensionless loading rate 𝜔 = Δ𝑃∕𝑐Δ𝑇v is set to 150, based on which the total time of
penetration is 28.08 days. As Figure 21A shows, the curves of soil resistance-displacement of SNS-PFEM agree well with
the FEM solutions at the small deformation stage. When the penetration goes deeper, the SNS-PFEM can also predict a
reasonable result as shown in Figure 21B, which is similar to the results in Figure 18. As Sloan and Abbo6 reported, for
the Biot’s formulation with MC soil used in this study, the non-zero dilation angle can cause a drop in the excess pore
water pressure and thus increase the shear strength, leading to a hardening effect. This phenomenon is well reflected
by the proposed coupled SNS-PFEM when the deformation becomes large. Figure 22 exhibits the distributions of pore
pressure and equivalent deviatoric plastic strain the large deformation condition (at z/B = 1). The contour of excess pore
water pressure is still smooth, indicating the effectiveness of PPP stabilisation technique. Therefore, all the comparisons
demonstrate the proposed coupled SNS-PFEM also performs well in simulating the large deformation on MC soil.
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5 CONCLUSIONS

A stabilised node-based particle finite element method (SNS-PFEM), together with the PPP technique, has been proposed
and implemented for hydromechanical coupled problems. Closed formulations for PPP and stable NI were derived in the
node-based smoothed T3 interpolation scheme to boost the computational stability and efficiency.
Four benchmark tests were conducted: 1D Terzaghi’s consolidation, Mandel’s problem, strip footing consolidation in

MC soil and foundation on a vertical cut. The results of the SNS-PFEM agreed well with all previous reference solutions.
The ability of PPP to cure spurious pressure oscillation under nearly undrained conditions was validated in two cases.
The advantages of stabilised NI were demonstrated by comparison with simulations using NS-PFEM. The computational
efficiency of SNS-PFEMwas also demonstrated by solving the same problems using other coupled PFEMs and comparing
the CPU time consumed. Finally, the large deformation analysis of strip footing penetration into saturated soft soil was
simulated. Reasonable results for resistance–displacement curve and failure mode of soil could be observed, showing
the strength of a remeshing strategy under conditions of strong geometrical nonlinearity. The proposed SNS-PFEM is
thus believed to deal with conditions of low to high permeability, short and long period and small and large deformation
uniformly and efficiently.
Future works will focus on the improvement of SNS-PFEM in two aspects: (1) extending the current SNS-PFEM to 3D

version. The 4-node linear tetrahedron element (T4) will be adopted, which shares many essential mathematical features
with T3 element, thus most advantages of 2D SNS-PFEM can be preserved in the 3D conditions; (2) applying the proposed
SNS-PFEM to more complex geotechnical practices, relating to the contact modelling of soil–structure interactions and
advanced soil constitutive models.
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