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This paper proposes an elevation angle rigidity theory in both 2D and 3D spaces, and applies it to
solve multi-agent formation control with only inter-agent bearing/direction measurements in agents’
local coordinate frames. Motivated by the sensor technology in measuring elevation angle and angular
diameter, we develop elevation angle rigidity by attaching each agent in a multi-agent framework
with a rod in 2D and a ball in 3D, respectively. By defining the elevation angle rigidity matrix,
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angle rigidity-based and bearing rigidity-based formation control laws, the proposed elevation angle
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1. Introduction

Motivated by the applications in mechanical structures, bio-
logical materials and multi-agent networks (Thorpe & Duxbury,
1999), distance rigidity has been a popular and powerful tool in
analyzing stability and structures of distance-constrained frame-
works since the 1970s (Asimow & Roth, 1978). By using a set
of distance constraints on the corresponding edges of a graph,
all the distances in a rigid framework are maintained when its
vertices’ positions are perturbed locally (Anderson, Yu, Fidan,
& Hendrickx, 2008). By describing a geometric shape by a set
of distance constraints, distance rigidity has been successfully
utilized as a key tool in formation shape control of multiple
autonomous agents (Anderson et al., 2008; Han, Lin, & Fu, 2015;
Olfati-Saber & Murray, 2002; Yang, Cao, Fang, & Chen, 2018). Most
of the formation control laws developed upon distance rigidity
are the gradient of a potential function consisting of distance
errors (Krick, Broucke, & Francis, 2009). Therefore, each agent’s
measurements in distance rigidity-based formation control laws
are mainly inter-agent relative positions (Dimarogonas & Johans-
son, 2009). Note that these relative positions can be measured in
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agents’ local coordinate frames since distance constraints remain
the same under different coordinate frames (Ahn, 2020).
Recently, many other types of rigidity concepts are devel-
oped, including bearing rigidity (Zhao & Zelazo, 2016), angle
rigidity (Chen, Cao, & Li, 2021; Jing, Zhang, Lee, & Wang, 2019),
ratio-of-distance rigidity (Cao, Han, Li, & Xie, 2019) and their
mixture with distance rigidity (Kwon, Sun, Anderson, & Ahn,
2019). These novel rigidity theories introduce some new con-
straints to guarantee the uniqueness of multi-agent frameworks,
e.g., bearings, angles and their mixture with distances. From the
application perspective, these rigidity notions also enable novel
design of formation control laws that involve different sensor
measurements to achieve a desired multi-agent formation. For
example, based on the developed bearing rigidity, bearing-only
formation control law is proposed in Zhao and Zelazo (2016)
to almost globally stabilize a target formation. Since an inter-
agent bearing can be measured by monocular cameras, sonars
and passive radars, bearing-only formation control laws have less
stringent requirement on agents’ sensor measurement (Zhao &
Zelazo, 2019) than the distance rigidity-based formation laws.
However, bearing measurement is coordinate-dependent, which
implies that the alignment of all agents’ local coordinate frames
with that of a global coordinate frame is required in implement-
ing the proposed bearing-only formation control law. Different
from bearing constraints, each interior angle constraint formed
by three agents is coordinate-free, which motivates the study of
angle rigidity (Chen et al., 2021; Jing et al., 2019). By choosing the
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cosine of angle constraints as the angle function, a gradient-based
control law is proposed in Jing et al. (2019) which requires local
relative position measurements and inter-agent communication
of neighbors’ real-time angle errors. In Chen et al. (2021), signed
angle constraints are defined and the designed control law only
uses local bearing/direction measurements. The desired angle-
constrained formation shape in Chen et al. (2021) is constructed
through a sequential and directed form, while there does not exist
a corresponding potential function whose gradient corresponds
to the designed control law in Chen et al. (2021). However the
gradient-based control structure is a favored property in the local
and the global stability analysis of a general formation.

Recently, the paper Chan, Jayawardhana, and de Marina (2021)
has first proposed to attach each planar agent with a circular disk
to solve the bearing-only formation control problem, in which a
gradient-based formation control law is designed using the infor-
mation of the measured bearings. Motivated by recent advances
of sensor technology in measuring elevation angle and angular
diameter, we propose a novel solution in this paper to solve the
bearing-only formation problem in both 2D and 3D spaces. First,
we develop an elevation angle rigidity theory by attaching each
agent in the multi-agent framework with a rod in 2D and a ball
in 3D, under which the elevation angle and angular diameter can
be measured by available sensing technologies, e.g., cameras or
sensor arrays. Then, we define the cotangent and cosecant of the
elevation angle as the elevation angle function in 2D and 3D, re-
spectively. By defining the elevation angle errors as the potential
function, we propose a gradient-based bearing-only control law
for stabilizing a target formation. The advantages of this solution
include that the bearing-only control law can be implemented
locally without using the information of the rod’s height or ball’s
radius, that the desired formation can be more general than the
existing angle-constrained sequential formations, and that the
gradient control property is maintained.

The rest of this paper is organized as follows. Section 2 gives
the definition of elevation angle and its rigidity in 2D. Section 3
introduces infinitesimal elevation angle rigidity. The application
to gradient-based bearing-only formation control is given in Sec-
tion 4. Then, Section 5 presents the elevation angle rigidity and
its application in 3D. Simulations are provided in Section 6.

2. Elevation angle and its rigidity in 2D

In this section, we introduce the concept of elevation angle
and define elevation angle rigidity in 2D.

2.1. Elevation angle

An undirected graph G(V, £) consists of a node set V =
{1,...,N} and an edge set £ C V x V with the number of
elements M = |&|, in which (i,j) € £ & (j,i) € &. The set
of neighbors of node i is denoted as N; = {j € V|(i,j) € &}
A framework F(G, p) is a combination of an undirected graph
G(v, €) and an embedding p withp = [p], ..., py1", pi € R, Vi=
1, ..., N. When we consider the 2D case, all points are in the XOY
plane, i.e., p; = [x;,yi,z]" and z; = 0,Vi € V, under which we
call 7(g, p) a planar framework, and p a planar configuration. We
assume that there are no overlapping points in p, i.e., p; # p;. i #
j- The bearing b;; € R? is defined as a unit vector starting from p;
and pointing towards p; (p; # p)), i.e.,

Dj — bi DPij
bj=—— =" 1
Y-l W
To develop the elevation angle rigidity, we consider that each
node i is attached with a vertical rod with height h; > 0. Then,
the position of the end point i’ of the rod upon node i can be
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Fig. 1. Three elevation angles «i2i’,i =1, 3,4 in node 2.

calculated by py = p; + [0, 0, h;]". Now, we define the elevation
angle a;; € (0, 3) from node i towards node j as

aj = 4jij’ = arccos(bjby ) = arctan (h;/I;) (2)

If all nodes’ rods are with the same height h; = hj = h., Vi€ V,
then it follows that

ajj = oji = arctan (he /) (3)

Correspondingly, o # «;ji if h; # h;. In this work, we consider
the case that rods’ heights h; = h, > 0 are the same for all nodes
Vi € V. As shown in Fig. 1, three elevation angles a1, a3, ap4 are
defined for node 2.

2.2. Elevation angle rigidity

Before giving the definition for elevation angle rigidity, we first
give the definitions of equivalence and congruence between two
frameworks.

Definition 1. Two frameworks F(G, p) and F»(G, q) with the
same graph G(V, &) are equivalent if

aii(pi, py) = ijlqi, q5), V(i j) € €. (4)

They are congruent if

aii(pi, pj) = @ii(qi, q;), Vi, j € V. (5)
According to the definitions of equivalent and congruent

frameworks, we now define elevation angle rigidity and global
elevation angle rigidity in 2D.

Definition 2 (Elevation Angle Rigidity). A planar framework
F(G, p) is elevation angle rigid if there exists an € > 0 such
that every planar framework 7'(g, q) that is equivalent to it and
satisfies ||q — pll < e, is congruent to it.

Definition 3 (Global Elevation Angle Rigidity). A planar framework
F(G, p) is globally elevation angle rigid if every planar framework
that is equivalent to it is also congruent to it.

3. Infinitesimal elevation angle rigidity in 2D

Similar to distance rigidity, elevation angle rigidity matrix
plays an important role in evaluating infinitesimal elevation angle
rigidity. We first introduce the elevation angle function, whose
partial derivative with respect to the position vector defines
elevation angle rigidity matrix.

For a given planar framework F(G, p), we define the elevation
angle function fz(p) : R* — RM by

fE(p) = [fla"-»fM]Tv (6)
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where

COS ;i l
DY _ W k=1,....M 7)

fr == cotay = —
sin o h.

is the mapping from the position vector [p], pjT]T of the kth edge
(i,j) in € to the cotangent of the elevation angle ;. Note that
ay = oy = i corresponds to the elevation angle associated with
the kth edge (i, j) that connects nodes i and j. Since o;; € (0, 3),
one has fi € (0, c0). Using this elevation angle function, one can
define elevation angle rigidity matrix.

3.1. Elevation angle rigidity matrix

We consider the kth edge (i,j) in £ and taking the time-
derivative of f; yields

dfk -1 dllj 1. Trs . 8fk . afk .
ar = e qp = e bypi = pi) L o, (8)
which implies —g{j’{ = —h'b; € R and —g{j’{ = h;'bj € RV

Based on this faclt, we define an elevation angle rigidity matrix
by taking the partial derivative of elevation angle function fz(p)
with respect to the position vector p

dfe(p) _ 9fe(p). .
i = op P = Re(p)p, (9)

where R.(p) € RM*3N s called the elevation angle rigidity matrix,
whose rows are indexed by the elements of £ and columns are
the vertices, i.e.,

fe(p)
Re(p) = £ =
ap
Vertex i Vertex j
Edge 1
Edge k of (i,j) 0 —h;”);g 0 h;lb;g 0 (10)
Edge M

Note that the nonzero element in the distance rigidity matrix is
the transpose of relative position pj;, while in the elevation angle
rigidity matrix, the corresponding element is the transpose of
bearing bj;. Since the framework is in the XOY plane, the Z-axis
component in b; will be zero, which yields a zero column under
each vertex i in (10).

For a planar framework F(g, p), its elevation angle-preserving
motions satisfy fe(p) = Re(p)p = 0 which include translation
and rotation of the framework F(g, p) in the XOY plane. There-
fore, the null space of the elevation angle rigidity matrix R.(p)
includes translation and rotation with respect to the framework,
which can be described by linear subspaces spanned by the
three vectors & = 1y ® [1,0,0]7,& = 1y ®[0,1,0]7, & =

T 0-10
[(Qp1)", (Qp2)", -+, (Qpn)'] . where @ = l‘lj 0 81
is a skew-symmetric matrix, ® represents Kronecker product an

1y denotes the N x 1 column vector of all ones. Note that &
and &, correspond to translation motions along the X and Y axes,
respectively, and &3 corresponds to a rotation of the framework
in the XOY plane. Then, one has the following lemma.

Lemma 1 (Rank of Elevation Angle Rigidity Matrix). For an elevation
angle rigidity matrix R.(p), it always holds that Span{&1, &, &3} C
Null(R.(p)) and Rank(R.(p)) < 2N — 3.

Proof. Because each row sum of R.(p) equals zero, one has
Re(p)é7 = 0 and R¢(p)s; = 0. Taking an arbitrary row in R¢(p)
as an example, one has the corresponding row in R.(p)&3

—h'bjQopi + he 'bjQop; = hz 'lbjQoby = 0 ()
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where we have used the fact that b;Qob; = 0 holds for skew-
symmetric matrix Qg. Therefore, one has Span{&q, &, &} C
Null(R.(p)). It is obvious that &q, & are linearly independent.
Suppose that &5 is linearly dependent to &1, &, then &3 = a&{+bé,
with at least one nonzero a € R or b € R, which implies
pi = pj,Vi,j € V. Because there are no overlapping points in
p, one has that &q, &, &; are linearly independent.

Since there are N columns in R.(p) whose elements are zero
and at least three linearly independent vectors &1, &, &3 in the
null space of R.(p), one has Rank(R.(p)) = 3N — Null(R.(p)) <
3N—-(N+3)=2N-3. O

3.2. Infinitesimal elevation angle rigidity

First, we introduce infinitesimal elevation angle rigid motion.
Consider each p;, Vi € vV of F(G, p) is on a differentiable path.
Define the path p(t) as an infinitesimal elevation angle rigid motion
of F if on the path fz(p) keeps constant, i.e., fe(p) = Re(p)p = 0.
We say such an infinitesimal elevation angle rigid motion p(t) is
trivial if it can be given by

pi(t) = Q(t)pi(to) +W(t), Vie V.t = 0, (12)

where O(t) € R3*3 and W(t) € R3 describe the rotation
matrix and the translation of the framework in the XOY plane,
respectively, and Q(t), W(t) are all differentiable functions.

Definition 4 (Infinitesimal Elevation Angle Rigidity). A planar
framework F(G, p) is infinitesimally elevation angle rigid if all its
infinitesimal elevation angle rigid motions p(t) are trivial.

Now, we present the necessary and sufficient condition to
check infinitesimal elevation angle rigidity.

Theorem 1. A planar framework F(G, p) is infinitesimally elevation
angle rigid if and only if the rank of its elevation angle rigidity matrix
Re(p) is 2N — 3.

Now we give the relationship between elevation angle rigidity
and infinitesimal elevation angle rigidity.

Theorem 2. If a planar framework F(G, p) is infinitesimally eleva-
tion angle rigid, then it is elevation angle rigid.

The proof of Theorems 1-2 is straightforward by follow-
ing Chen et al. (2021, Theorems 4, 6).

3.3. Relationship between elevation angle rigidity and distance rigid-
ity

Both distance rigidity and elevation angle rigidity are defined
upon the framework F(G, p). The following proposition gives the
relationship between elevation angle rigidity and distance rigidity
for planar configurations.

Proposition 1. For a given planar framework F(G, p), it is distance
rigid if and only if it is elevation angle rigid.

Proof. According to the definition of elevation angle in (2), one
has that for the case h; = hj = h, otij(pi,pj) = aij(qi, qj) if and
only if lj(pi, p;) = lj(qi, q;). Therefore, according to the definition
of distance rigidity, one concludes that they are equivalent. O

For infinitesimal rigidity, we also have the corresponding
proposition.

Proposition 2. For a given planar framework F(G, p), it is infinites-
imally distance rigid if and only if it is infinitesimally elevation angle
rigid.
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Proof. Note that the distance rigidity matrix can be described by

afp(p)
ap
where fp(p) = [- - -, |pi—p;il?. - . .1V, diag{l;} € RM*M is a diagonal
matrix with the distance of the kth edge as its diagonal element.
Because there are no overlapping points in position vector p, the
diagonal matrix diag{l;} is a nonsingular matrix with full rank.
Therefore, one has that

Rank(R4(p)) = Rank(Re(p)) (14)

Ra(p) = = hcdiag{lj}R.(p) (13)

According to Theorem 1, one has that the rank equality
Rank(R.(p)) = 2N — 3 is a necessary and sufficient condition
for infinitesimal elevation angle rigidity. Therefore, one con-
cludes the equivalence between infinitesimal distance rigidity
and infinitesimal elevation angle rigidity. O

When p is generic (Connelly, Jordan, & Whiteley, 2013) and the
framework F(G, p) is infinitesimally elevation angle rigid, with a
slight abuse of notions, we also say the graph G is infinitesimally
elevation angle rigid. When F(G, p) is infinitesimally elevation
angle rigid and || = 2N — 3, we say F(G, p) is infinitesimally
and minimally elevation angle rigid.

Remark 1. If agents have different h;, then o # «j. In this
case, lj = li # hifi because f;;) # f; and f; depends on the
direction between i and j. This reveals the difference between
elevation angle function and distance rigidity function. For an
undirected graph, one always has [ = I; in distance rigidity
function. However, this is not the case for elevation angle function
since fijy # f;.i) when h; are different, which gives more design
freedom and properties than that in the distance rigidity function.

4. Bearing-only formation control in 2D

In this section, we employ the developed elevation angle rigid-
ity in 2D to the application of bearing-only formation control. We
propose a novel bearing-only formation control law by taking the
gradient of a properly defined potential function. The objective is
to design control law by using bearing-only information under an
infinitesimally elevation angle rigid graph G(V, £) such that

Jim e(t) = lim (e(t) — o) = 0 (15)

where oz;- € (0, Z) is the desired elevation angle from agent i to
agent j.

4.1. Gradient-based formation stabilization

For an agent i moving in the XOY plane, we consider its
dynamics governed by

I'Ji:ui,l':‘l,..‘,N, (16)

where p; = [x;,yi,z]" € R? denotes agent i’s position, u; =
[Uyi, Uyi, Uz]T € R is the control input to be designed, and N is the
number of agents in the group. Since all agents lie in XOY plane,
one always has z; = 0 and u,; = 0. The constraint is that agent i
can only measure bearings b;;, by with respect to its neighboring
agent j,j € M.

In angle rigidity-based formation control (Jing et al., 2019),
the gradient of a potential function consisting of angle errors is
not a bearing-only control law. Conversely, there does not exist a
corresponding potential function for the proposed angle rigidity-
based bearing-only control law (Chen et al, 2021). To obtain
both favorable properties, we now design an elevation angle
rigidity-based bearing-only control law which is the gradient of a
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potential function. To be specific, we design the potential function
as

N N
V= ZVS,- _fe Z Z(cotaij — cota; )
i=1 4 i=1 jeN;
h. "
= ?(fE(p) - e) — ) (17)

where f = [cota], ..., cotay, ..., cot oz,’\*/l]T. Taking the gradient
of (17) with respect to p; yields the control law for agent i

V.
uj = _(T)ps' )
1
d cotaj ¢ R
=—he Y (——)(cotayy — coter) (18)
ap; v
jeN;

Combining (8) with (18), one has the control law as

U = Z bjj(cot e — cotery;)

jeN;
bTby
=Y by [ =L —coto; (19)
o~ 1— (blby )

in which only bearings b; and by are used in the final form of
(19). Note that the information of rod’s height h. is not required
in control law (19). Before giving the main result, we introduce
some important lemmas.

Lemma 2. If a planar framework F(G, p) is infinitesimally and
minimally elevation angle rigid, then R.(p)R!(p) is positive definite.

Proof. When F(G, p) is infinitesimally minimally elevation angle
rigid, according to Lemma 1, one has Rank(R.(p)) = 2N — 3 and
Null(Re(p)) = N + 3. Therefore, RI(p)Re(p) € R***3N has (N + 3)
zero eigenvalues. Because RZ(p)Re(p) is positive semi-definite, the
other (2N — 3) eigenvalues of RT(p)R,(p) are all positive. Note that
Re(p)R!(p) € RN=3)x(2N=3) shares the same (2N — 3) eigenvalues
as RI(p)R.(p), but RI(p)R.(p) has extra 3N — (2N —3) = N + 3 zero
eigenvalues. Then, it follows that all the eigenvalues of Re(p)RE(p)
are all positive, i.e., R.(p)R!(p) is positive definite. O

Lemma 3. For implementing the bearing-only control law (19), each
agent can use its own local coordinate frame to measure the bearings
bij and by, and a global coordinate frame is not required.

The proof of Lemma 3 follows similarly to that in distance-
based formation control law (e.g., Lemma 2 of Sun, Garcia de
Marina, Anderson, & Cao, 2018) and is omitted here. Therefore,
different from the bearing-only formation control law (Zhao &
Zelazo, 2016), the proposed bearing-only control law (19) does
not require a common or global coordinate frame for bearing
measurements and control implementation.

Now, we present the first main result on bearing-only forma-
tion stabilization based on elevation angle rigidity.

Theorem 3. Consider an N-agent system governed by (16) in the
XOY plane. If the graph G is infinitesimally and minimally elevation
angle rigid, under the control law (19), all agents will locally and
asymptotically achieve the desired elevation angles defined in (15).

Proof. We first write all agents’ dynamics into a compact form
b —u— (aV>T _ ( 0vs afE(p)>T
ap fe(p) p
= — [helfe(p) — FiVRe(p)]'
= —heRy(p) (fe(p) — f5) (20)
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Then, it follows that

A (avs) (avs>T
VS — 7p = — _ -
ap ap ap
= —h2(fe(p) — £ ) R(PIRX(D) (e (p) — i)

According to Lemma 2, Re(p)Rg(p) is positive definite when the
trajectory of p lies in a neighborhood set U; of the desired
equilibrium {p € R*"|fz(p) = f;}. Note that Uy exists since V; < 0.
Therefore, for p € Uy, one has Vs < 0 and

Vs < —h2aminllfe(p) — fi 112 (21)

where Amin = min{Amin (Re(p)RX(p)) , ¥p € Uy}. Then, one has the
local exponential convergence of cotoy; — cota;;, which implies
the asymptotic convergence of ej = o — o, O

ij
Remark 2. Compared to Dimarogonas and Johansson (2009), the
proof in Theorem 3 constructs a special form of potential function
Vs whose gradient (19) only requires local bearing measurements,
in contrast to the relative position measurements needed in Di-
marogonas and Johansson (2009). Note that gradient controller is
a favorable property for the formation control system, while sev-
eral popular bearing-only formation controllers (Zhao & Zelazo,
2016) are not gradient-based. Instead of focusing on tree or cyclic
formations, uniquely determined elevation angle rigid formations
are achieved in Theorem 3, where the formation error ||fz(p)—fZ |l
converges to zero exponentially.

Now, we conduct the collision avoidance analysis to obtain
the bound on the inter-agent initial distances, under which the
control law (19) is well-defined during the evolution. Note that

t t
Ii(t) =1;(0) + / li()dr = I;(0) + / bi(p; — pi)dt
0 0

t
=lij(0) + / bg(z bjk(COtO{jk — cot (Xﬁ()
keN;
— ) by(cotey; — cota))dr
JEN;
t M
zlfj(O)—/ 2 | cote; — cota;|dr (22)
0 ix
< J/n|x|; for x € R" one has
M |cota; — cotar| < ~/M|fe(p) — f|. Then it follows that
l;(t) = 1;(0) — 2«/1Wf0t Ife(p) — f;* ldz. According to (21), one has

Using the fact that |x|; <

Vs < _th)\minvs (23)
which implies Vi(t) < V(0)e~2<*min!, Therefore, one has
Ife(p) = fif Il = v/2Vs/he < \/2V,(0)/hce™"emint (24)
Hence, one has
2 2MV,(0
10 = 150) - —— | 2O g _ gty (25)
hckmin hc

Finally, we come to the following conclusion.

Theorem 4. Consider an N-agent system governed by (16) in the
XOY plane is controlled by (19) and the graph G is infinitesimally and
minimally elevation angle rigid. There exists a positive constant x

such that if [j(0) > ;% ZM,YCS<°>, Y(i, ) € &, then all the neighboring

agents will not collide with each other for Vt > 0.

Proof. Since [;(0) > 0, 3T; > 0 such that in [0, T;), no collision
happens between agents i and j. Assume that collision may occur
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Table 1
Comparison between distance-based and elevation angle-based approaches.
Approach
Property Distance-based Elevation angle-based

Shape specifications
Sensor measurements

Distances [;
Relative positions p; — p;

Elevation angles ab*.
Bearings by, by

between agents i and j in [Ty, o0), then there must exist a time
instant T. such that [;(T.) = 0. Since no collision happens
in [Ty, T7), the closed-loop system is well-defined in [Ty, T.).
Letting ¥k = Anyin and following the calculations in (22)-(25), one
has that I;(T,) > [;(0) — hcfm_n ZMhV:(O) > 0 which is bounded
away from zero. This contradicts the assumption that collision
happens at T.. Thus, no collision will occur in [0, co). O

Remark 3. By setting h, cotaijf = ljj‘ the potential function
(17) can also be seen as a realization of the potential function
for distance-based formation control (Dimarogonas & Johansson,
2009; Sun, Mou, Anderson, & Cao, 2016). However, in terms of
the formation shape specification and required measurements,
the controller (19) is quite different from the controllers in Di-
marogonas and Johansson (2009) and Sun et al. (2016). Under the
same potential function, our gradient-based elevation angle for-
mation controller only needs local bearing measurements, while
the gradient-based distance rigidity formation controller needs
relative position measurements. This justifies the advantages of
the elevation angle approach. Table 1 summarizes the differ-
ence between distance-based formation approach and elevation
angle-based formation approach.

Remark 4. Based on the measurements b; and by, agent i can de-
rive the scaled distance I;;/h. with a common h,. Under this fact,
compared to the distance formation approach, the advantages of
using the elevation angle approach lie in two aspects. The first
is that the control law (19) is independent of h.. The second is
that h; can be different from h;, which offers more flexibility for
distributed formation systems.

4.2. Formation maneuvering
To steer the formation maneuver with desired translation,

rotation and a desired size, we design a bearing-only formation
maneuvering control law as

U = Z bij(cotayj — yc cote; + i) (26)
JeN;
= Z bij(cota; — ye cotar) + Z wishij
JEN; JeN;

where y. € R" is used to adjust the size of the formation, p;; € R
is used to realize the desired collective translation and rotation.

When y. # 1and pu; = 0,(i,j) € & we prove that the
desired formation size can be achieved. By using (7), one has
cotaj — yc cota; = f hzcl"j where [} is the distance corresponding
to the desired angle oz;;. By following the proof in Theorem 3, one
has that lim;_, o(cot a;i(t) — ¥ cota;j-) = 0 which implies that
limy_, oo (I(t) — ycl;;.) = 0. Therefore, by adjusting the parameter y,
in all the agents, the formation size characterized by the distance
ycllf;. between agents can be achieved. Specifically, 0 < y. < 1
corresponds to formation shrinking and y. > 1 corresponds to
formation enlargement. Since y, is a constant number, all agents
can get it by low-cost communication.

When y. # 0 and u; # 0, (i, j) € &, we illustrate how to de-
sign p;; such that translational and rotational maneuvering can be




L. Chen and Z. Sun

realized. Note that when the desired formation shape is achieved,
one has lim; e Pi(t) = lime oo ti(t) = limeoo D e ne Miby(0).
Therefore, we can properly design p;; such that Z N b forms
the desired translational velocity and rotational ve10c1ty Let v} =
[vjx, Uys 0]" be the translational velocity in the XOY plane, and
w} € R be the rotational speed. Consider a reference configura-
tion p*=1[pi",...,p;"1" which satisfies all the desired elevation

. pi—p}
angles o7. Then, we define bearing b}, = ——

and formation
P} —p; |
Z, 117

centroid p} =

3 by = vf + wf Qolpl — p}) (27)

JeN;

. Now, we design the parameters u;; by

Writing (37) into a compact form yields
heR' (P ) = 1y ® v} + @ (Q ® Iv)(1y ® P} — p*) (28)

where p = [u1, ..., um]T ® 13. Then, one can calculate

j=h" (R'0*) [y ® v7 + 07(Qo ® I )1y ® pi — p*)]

where (RT(p*))T denotes the pseudo-inverse of matrix RT(p*).
Now, we have the following main result on bearing-only forma-
tion maneuvering.

Theorem 5. Consider an N-agent system governed by (16) in the
XOY plane. If the graph G is infinitesimally and minimally elevation
angle rigid and p; are sufficiently small, under the maneuvering
control law (26) with (28), all agents will locally achieve the desired
formation with desired scale described by y., and desired motion
with translation speed ||v}|| and rotation speed w}.

Proof. First, the compact form of all agents’ dynamics is derived
as

p= —thZ(P) ( t(p) — nyE*) + thZ(p*),u (29)

Taking the time-derivative of (17

g ep (%) (%)
*=ap? = \op ) Uop

) yields

= — h2(fe(p) — vefy ) Re(DIRY (D) (fe(p) — veff)
+ W2(fe(D) — vefi) Re(P)RE (D" )
< — h2(Omin — BIfe(p) — vefy I1? (30)
where we consider the states confined in the set S = {p €
RN ||fe(p) — vefy'll < o}, where Re(p)Ry(p*)u is locally Lipschitz
with respect to fp(p) — voff, Re(p*)Ry(P*)t = 0, Amin is the

minimum positive eigenvalue of R,(p)R(p) in S, and B and p are
positive constants. Since u;; and g are sufficiently small, one has
lim;_ o (E(p(t)) — vof¢¥) = 0. Using (26), one has

11m pi(t) = llm Z,u,] i
]EM
= lim R} (v7 + o7 Qo(p; — p})) (31)
where R} € R**? describes the rotation from b} to by(t) along
the Z-axis. Since |[RIv|| = |lv}| and RLQo(p} — p}) = RIQoR}
(pc(t) — pi(t)) = Qo (pc(t) — pi(t)), (31) implies that the desired

translation speed ||v}|| and rotation speed } are achieved. O
5. Extension to 3D case
In this section, we extend the elevation angle rigidity to 3D

case where all agents lie in R3. Since some parts in 3D case are
similar to 2D case, we only introduce the differences.
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Fig. 2. Three elevation angles «j'2j”,j =1, 3, 4 in node 2 in 3D.

5.1. Elevation angle in 3D

In 3D case, we suppose that each node is auxiliarily attached
with a (physical or virtual) ball with radius r, > 0. The elevation
angle «;; € (0, r/3) from point i to point j in 3D is defined as

@ = 4J'ij" = arccos(bj bj) = 24f'ij = 2 arcsin fe
ij
where j' and j” are the two points in agent j's ball, j,j,j", i
are coplanar and by by 0, b},,bjj—u = 0. When [; = 2r,
i.e., agent i's ball touches agent j's ball in its surfaces, one has
@jj = 2arcsin 3¢ = = 7. Hence, the range of &; belongs to (0, 7/3)
if i's ball does not collide with agent j's ball (see Fig. 2).
Now, we introduce the elevation angle function in 3D. For
each framework F(G, p), we define the elevation angle function

fe(p) : R*N — RM by

fe(p) = [f1, ..., ful",

where

- 0 1 -

fk:=csc%_csc%= &,_=li, k=1,....M (32)
2 2 sin % Tc

is the mapping from the position vector [p;, p/]" of the kth edge
(i,j) in € to the cosecant of the half of elevation angle ;. Since
a; € (0, 3), fi € (2rc, 00). Using this elevation angle function,
one can define elevation angle rigidity and infinitesimal elevation
angle rigidity in 3D by following Sections 2 and 3, and details are
omitted here.

5.2. Gradient-based formation stabilization

To develop a gradient-based formation control law, we first
design the potential function as

Vi = ZVS’ _ ZZ cscay — csca)

i=1 jeN;
= S(ep) ~ T Getp) ) (33)
where fE* = [cot % ..., cot ? ., cot %]T. Taking the gradient
of (33) with respect to p; yields the control law for agent i
= T
V.
U =— (—5> (34)
api

doscay\', @ o
=-r E csc = —csc —
‘ ( ap; > (ese 2)

JeN; !
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Substituting (32) into (34), the control law can be written as

Zbu csc— —cscju)

JEN;

= b;

jeN; (1— by by)/2

where only bearing information of bu and by, by is required, and

we have used the fact that sin?(3Z 3) = % and sin " > 0.
Note that the information of the ball’s radius r. is not requ1red
in control law (35). With the gradient-based control law (35), we

present the main result.

a
— csC— 35
5 (35)

Proposition 3. Consider an N-agent system governed by (16) in 3D.
If the graph G is infinitesimally and minimally elevation angle rigid,
under the control law (35), all agents will locally and asymptotically
achieve the desired elevation angles.

Proof. The proof is straightforward by following Lemma 2 and
Theorem 3. O

5.3. Formation maneuvering
To achieve collective motions, we design the bearing-only

formation maneuvering law as

—*

ajj
U = Z b,-j(csc — y.cs5¢ = 2 L) (36)
JEN;
aj
= Z bjj —yeesc— | + Z wigbij
2 :
JEN; (1 b bu” )/2 JEN;

Similarly, by using the reference formation configuration p*, the
parameters p;; satisfy

> iy = v; + @F x (p; — p}) (37)
JEN;

where x denotes the cross product operation and »} € R3? is
the desired angular velocity vector of the elevation angle rigid
formation. Writing (37) into a compact form yields

=1 (R 09) Ty © vf + (@F ® Iy) x (1y ® pf — p*)]

Following (29)-(31), one can obtain similar results about forma-
tion maneuvering in 3D.

Remark 5. Compared with (Chan et al., 2021), the control laws
(19) and (35) are structurally simpler and also do not need the
information of the rod’s height and the ball’s radius. Furthermore,
the required bearing measurements in control laws (19) and
(35) can be obtained from vision-based target locating (Pachter,
Ceccarelli, & Chandler, 2007) or sensor arrays (Nielsen, 1994)
in agents’ local coordinate frames, which facilitates distributed
implementation of angle-constrained formations.

Remark 6. Note that the 2D elevation angle can also be defined
by following the way of defining 3D elevation angle or attaching
each node with a disk as employed in Chan et al. (2021). However,
due to the physical restrictions such as minimum inter-agent
distance to meet collision avoidance and visibility constraint, we
choose the way of attaching each node with a rod to define the
2D elevation angle, which is more practical to facilitate bearing
measurements.
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Fig. 4. Elevation angle errors in 2D formation stabilization.

6. Simulation

In this section, we use simulation examples in 2D and 3D to
show the effectiveness and advantages of the proposed bearing-
only formation control laws.

We consider a four-agent formation graph with five edges
where h, = r. = 2. The initial states in the 2D case are set
as: p1(0) = [0.51;2.21; 0], p2(0) = [—1.56;0.63; 0], p3(0) =
[1.74; —0.82; 0], p4(0) = [0.18; —2.82; 0]. The desired elevation
angles are: af, = o, =n/4,af; =a}, =n /4,05, = a3, =7/4,
ay, = o5 = 093, af; = «f, = 1.11. For the 3D case, the
parameter changes are p4(0) = [0.18; —2.82; 5.21], a}; = o, =
0.80, ar;; = o, = 0.65.

Figs. 3 and 4 show the agents’ trajectories and the change of
elevation angle errors, respectively, in the task of 2D formation
stabilization. Figs. 5 and 6 present the agents’ trajectories and
the change of elevation angle errors in 2D, respectively, in the
task of 2D formation maneuvering when passing through narrow
passages with obstacle avoidance. Figs. 7-8 present the agents’
trajectories and the change of elevation angle errors in 3D, re-
spectively. It can be seen from Figs. 4, 6, and 8 that the elevation
angle errors converge to zero in the three tasks.

7. Conclusion

With the motivation of proposing a scalable bearing-only for-
mation control law, this paper has developed elevation angle
rigidity in both 2D and 3D cases. By attaching each node with
a rod in 2D and a ball in 3D, a desired formation has been
determined by a set of elevation angle constraints. Then, the in-
finitesimal elevation angle rigidity has been developed by study-
ing a proposed elevation angle rigidity matrix. We have further
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Fig. 5. Trajectories in 2D formation maneuvering.
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Fig. 7. Trajectories in 3D formation stabilization.
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Fig. 8. Elevation angle errors in 3D formation stabilization.
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proposed bearing-only formation stabilization law to achieve the
desired formation, and bearing-only formation maneuvering law
to achieve the desired translation and rotation motions, respec-
tively. The main advantages of the proposed elevation angle-
based formation control law are that it has a gradient property
and only local bearing measurements are needed. Future work
will concentrate on designing globally or almost globally stable
bearing-only multi-agent formation control law based on the
advantage of the gradient property.
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