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ABSTRACT

This paper solves the simultaneous localization and formation (SLAF) problem for a multi-agent system
moving in 2D plane. The multi-agent system consists of leaders who have the knowledge of their
absolute positions in the global coordinate frame, and followers who do not know their absolute posi-
tions but have angle-only measurements and communication with respect to their neighboring agents.
The aim of SLAF is to simultaneously localize and control the followers such that a desired formation
among the leaders and followers can be achieved by using locally available sensing and communication
information. To handle the challenging situation where the formation becomes unlocalizable at some
nongeneric configurations, a perturbation-based SLAF algorithm is proposed such that the SLAF task
can be achieved with an asymptotic convergence. To meet different tasks’ requirements, three types
of distributed SLAF algorithms are designed for the followers when the leaders are static, move with
constant, or time-varying velocities, respectively. The effect of measurement noises, extension to other
types of sensor measurements, requirement on agents’ coordinate frames, collision and collinearity
avoidance are also discussed. To validate the theoretical results, simulation examples corresponding

to the discussed scenarios are carried out.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Motivated by broad applications in multi-robot search and
rescue (Shiroma, Chiu, Sato, & Matsuno, 2005), navigation and
autonomy (Ravankar et al., 2018), and swarm intelligence and
space exploration (Hu, Niu, Carrasco, Lennox, & Arvin, 2020),
two fundamental problems have been extensively investigated
recently in the research community of networked multi-agent
systems, namely network localization and formation shape con-
trol (Han, Guo, Xie, & Lin, 2018). In the network localization
problem, the multi-agent system consists of leaders who have
the knowledge of their absolute positions in the global coordinate
frame, and followers who do not know their absolute positions
but have sensor measurements with respect to their neighbors
and wireless channels to communicate with their neighbors (Lin,
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Han, Zheng, & Yu, 2017; Shames, Bishop, & Anderson, 2012). The
aim of the network localization problem is to determine the posi-
tions of the followers by using their available communication and
measurement information (Zhao & Zelazo, 2016). According to
the categories of sensor measurements, network localization can
be mainly classified into relative position, distance, bearing, and
angle-based localization (Chen, 2022; Diao, Lin, & Fu, 2014; Fang,
Li, & Xie, 2021; Jing, Wan, & Dai, 2021; Lin et al., 2017; Shames
et al,, 2012; Zhao & Zelazo, 2016), to name a few. Differently, the
aim of formation shape control is to achieve a prescribed geomet-
ric shape among the agents by using inter-agent communication
and measurements, such as absolute positions, relative positions,
distances, bearings and angles (Ahn, 2020; Anderson, Yu, Fidan, &
Hendrickx, 2008; Chen, Cao, & Li, 2021; Jing, Zhang, Lee, & Wang,
2019; Oh & Ahn, 2013; Oh, Park, & Ahn, 2015; Zhao & Zelazo,
2016).

Since the configuration of a mobile multi-agent network is
dynamic and each agent usually has limited sensing capability,
the localization and formation control of those networked agents
are usually required to be achieved simultaneously in practical
tasks. This motivates the study of simultaneous localization and
formation which aims to simultaneously localize and control
the followers such that a desired formation among leaders and
followers can be achieved. The available information of each
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follower in the SLAF problem consists of communication infor-
mation from its neighbors and measurement information such as
distances, bearings, relative positions, and angles, with respect
to its neighbors. Recently, some efforts have been made on si-
multaneous relative localization and formation problem, where
relative positions among neighboring agents are localized using
the measurements of bearing (Ye, Anderson, & Yu, 2017), distance
and relative velocity (Han et al,, 2018), or distance and self-
displacement (Guo, Li, & Xie, 2019; Nguyen, Qiu, Nguyen, Cao,
& Xie, 2019). Although relative localization is adequate for the
achievement of some formation tasks, the awareness of an agent’s
absolute position in the global coordinate frame is also important,
especially in the execution of practical tasks, such as search and
rescue. Motivated by this, simultaneous localization and forma-
tion algorithms have been developed in Guo, Jayawardhana, Lee,
and Shim (2020) and Huang, Farritor, Qadi, and Goddard (2006)
which rely on inter-agent relative position measurements or the
knowledge of the global coordinate frame at the initial time.

Unlike the previous works on localization of static networks
(Chen, 2022; Diao et al., 2014; Fang et al, 2021; Jing et al,
2021; Lin, Han, & Cao, 2020; Lin, Han, Zheng, & Fu, 2016; Zhao
& Zelazo, 2016), formation control (Chen et al,, 2021; Hu et al,,
2020; Jing et al., 2019; Zhao & Zelazo, 2016), and simultaneous
relative localization and formation (Guo et al., 2020, 2019; Han
et al, 2018; Nguyen et al., 2019), we investigate the simultaneous
localization and formation problem where the followers’ absolute
positions are estimated using their angle-only measurements and
communication information with respect to their neighbors. Note
that angle measurements are more accessible than relative po-
sition measurements, but their nonlinearity makes the estimator
and control design more challenging. Specifically, the multi-agent
network is unlocalizable when they reach a nongeneric config-
uration, such as collinear configuration. In this paper, to meet
different demands during the execution of practical tasks, three
types of SLAF algorithms are designed for the followers when
the leaders are static, move with constant velocities, or move
with time-varying velocities, respectively. The main advantages
of the proposed SLAF approach lie in three aspects. Firstly, the
proposed SLAF algorithms allow the followers to have angle-only
measurements which can be acquired from monocular cameras
and directional sensor arrays. Secondly, the leaders in the SLAF
problem can be static, move with constant or time-varying ve-
locities. For the case of leaders moving with constant velocities,
to reduce communication burden, the estimation of the constant
velocity is avoided in the followers’ SLAF algorithm. Thirdly, to
deal with unlocalizable situations when the multi-agent net-
work reaches nongeneric configurations, a perturbation-based
algorithm is proposed to achieve the SLAF task.

The rest of the paper is organized as follows. Section 2 presents
the preliminaries on angle measurements and angle-based local-
ization. Section 3 discusses SLAF for the case of static leaders.
Sections 4 and 5 discuss SLAF for the cases of dynamic leaders
moving with constant and time-varying velocities, respectively.
Some further discussion is conducted in Section 6. Simulations
are provided in Section 7.

2. Preliminaries on angle measurements and angle-based lo-
calization

2.1. Notations

Consider a 2D multi-agent network consisting of n; > 2
leaders and ny > O followers. Let V; = {1, 2, ..., nj} be the set
of leaders, whose positions, denoted by pi = [p{,p;, ..., p, 1" €
R?", are known by themselves. Let Vi={m+1,m+2,....n}
be the set of followers with nf + n; = n, whose positions,
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denoted by p; = [pnT,+l’pr-1r1+2’ ...,pi 1T € R¥, are unknown.
We assume that no overlapping points exist in p = [p/, pr]T.
Let I, 1, ®, Amax» Amin,» det() be the 2-by-2 identity matrix,
n x 1 column vector of all ones, the Kronecker product, the
maximum eigenvalue, the minimum eigenvalue of a symmetric
matrix, and the determinant of a square matrix, respectively.

Denote by R(8) = Z?ég —cglsnee € SO(2) the 2D rotation

matrix with rotation angle 6 € [0, 27). To avoid confusion, the
notation of a quantity, e.g., x, represents that it is constant, and
x(t) represents that it is time-varying, and x* represents that

it is desired. For x = [X1,...,%:] € R'and 8 € R, let
X =[x, ... X017 and sigh(x) = [sigh(x1), ..., sigh(x,)]T where

sigh(x;) = sgn(x;)|x;|? and sgn(-) represents the signum function.
2.2. Angle measurements and angle-induced linear equations

We introduce angle measurements and their angle-induced
linear equations based on Chen (2022) and Chen et al. (2021).
Note that describing agents’ geometric relationship as a linear
algebraic equation is an efficient way to transfer a nonlinear
localization problem into a linear least-square optimization prob-
lem (Lin et al., 2016; Zhao & Zelazo, 2016).

Similar to Chen et al. (2021), we define the signed interior
angle measurement ay;; € [0, 277) among agents k, i, j as

ij “ik = *» (-1)

arccos(bj by), if bj by > 0
Aij = .
ki 2r — arccos(b;bik), otherwise,

where bj; = PP s the bearing from agent i to agent j, p; #

Ipj—pill

Djs i,j € VU Vr, bi = R(%)bik = (1)_01 1bik. Note that ki
represents the angle rotating from the bearing direction by, to
the bearing direction b; under the counterclockwise direction. In
Aijk, one has

bj — Di = Pk — Di
L= = Rlay) ————. (2)
lp; — pill Pk — pill
Using the law of sines ‘l“’;’;%giil‘" = :22}”’: and the fact (2), the angle-

induced linear equation (Chen, 2022) in Aijk can be written as

finlee, p) = AT (a)p; + AP (@)py + A (e)pi = 0, (3)
where the coefficient matrices

AiAijk(Ol) = (sin ajk,-fi(ak,-j) — sin O(,'jklz) (S RZXZ,

AjAUk(a) = sinal, € R?*2,

ik i R 22
A (@) = — sinaR(ayy) € R*™

are only related to the measured interior angles aj, ok, Otij.
When p;, pj, px are collinear, the linear Eq. (3) is degraded and
cannot play any role. According to (1), angle measurements are
independent of the orientations of agents’ coordinate frames,
which is an advantage over relative position or bearing measure-
ments.

Remark 1. For a static network with randomly chosen configu-
ration p, the probability of the existence of collinear points in p is
zero (Connelly & Guest, 2015, Thm 7.2.1). However, for dynamic
networks, particularly the multi-agent network conducting the
SLAF task, the chance of collinearity among neighboring agents
is inevitable. Therefore, we will pay special attention to collinear
configurations in the follow-up analysis since they will make the
linear Eq. (3) invalid.
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We now introduce the notion of triangular angularity to de-
scribe a multi-agent network with multiple triangles and their
associated angles. For the vertex set v = {1,2,...,n} where
node i € V corresponds to agent i, define a three-vertex triplet
(i,j, k) to describe the angle ;. Then, we define 4 C V x
Vv xV = {(i,j,k),i,j,k € V,i # j # k} as an angle set,
of which each element is a triplet. Since aj + awi = 2m,
constraining «jj is equivalent to constraining o;. Thus (i, j, k)
and (k, j, i) are interchangeable with each other in 4. Then, the
combination of the vertex set V, the angle set .4 and the position
configuration p € R?" is called an angularity which we denote by
A(V, A, p)(Chen et al.,, 2021). We say A is a triangular angle set if
for every (i1, j1, k1) € A, there also exists {(ji, k1, i1), (k1, i1,j1)} C
A. The number of triangles in a triangular angle set A is denoted
by m € N*t. We say A(V, A, p) is a triangular angularity if A is
a triangular angle set (Chen, 2022). If (i, j, k) € A, then {j, k} €
Ni, i, k} € Nj, i, j} € N where A represents i’s neighbor set.

Writing all the angle-induced linear Eqs. (3) from a triangular
angularity A(V, A, p) into a compact form, one has R4(a)p = 0
where R 4(a) € R?™*?" is defined as the angle measurement matrix
which can be written as

Vertex i Vertex j Vertex k
Ist A
Aijk Afjk Aijk
Aijk o A" o A% o AT 0 (4)
mth A

whose row blocks are indexed by the triangles in .4 and column
blocks the vertices in V. According to Chen (2022), Chen et al.
(2021, Lem2), the maximum rank of R4(«) is 2n — 4 since the
kernel of R 4(«) always includes translation, rotation and scaling
of p. Although the angle measurement matrix is denoted as R 4(«),
it is a function of sin(e;ik(p)) and cos(ejik(p)), (j, i, k) € A.

2.3. Localizability conditions and localization law

For a static multi-agent network, the aim of localization can
be formulated as a least-square optimization problem with cost
function (Fang et al., 2021; Zhao & Zelazo, 2016)

J(B) = PR (@R a(e)p (5)
where p = [p/,p/1" € R* and p;y € R*Y denotes the
estimates of the followers’ positions py. If we partition the angle
measurement matrix R4(«) = [R, R,] into leaders’ part R, €

R¥™<2m and followers’ part R, € R*™2" we define the matrix
L() in the form of

Rl (e R () = [ﬁ; o ] , (6)

where £; = (R,)TR, € R2w2n, £ — (RL)TR, e R,
Ly = (R)TR, e R and £y = (R,)TR, e B2 is
defined as the angle localization matrix of the network A.

L(a) =

Lemma 1. For a static multi-agent network A, one has (i) Lgpy +
Lap; = 0; (ii) The network is localizable (pf can be uniquely
determined) iff Lg is nonsingular; (iii) If the network is localizable,
then py can be uniquely calculated by p; = —,C)%l[,ﬂpl,' (iv) L is
nonsingular if Rank(R 4(«(p))) = 2n — 4.

The proof of Lemma 1 is straightforward by following the
results in Chen (2022), Chen et al. (2021), Diao et al. (2014), Fang
et al. (2021), Lin et al. (2016) and Zhao and Zelazo (2016). After
knowing when the network is localizable, we now introduce how
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to design a distributed position estimator f)f(t) for the followers
such that pe(t) — pf as t — oo. Define the cost function

Jr) =P £(e)p = p Lule)pr + 2p] Li(e)py + pf L)y

Following Chen (2022), Fang et al. (2021), Zhao and Zelazo (2016),
a gradient-descent localization law for the followers can be de-
signed as

Br(t) = =V, J(Br) = —Li(e)pr(t) — La(er)py (7)
whose component form for each follower i € V; is
pl)=— > (A" @) @ pie)) )
(i.j1.kq)e A
D IS e ) WA CN(5)
(j2,i,k ). A
— ) A @) B L ),
(j3,k3,i)e.A
where
S, pOEY) = AP @)pi(e) + AT (@0, (0)
+ AT ()P, (0),

AL (@i (0) + AT (@)pi(1)

)

£ o, p(e) = (
+ A (@)py, (1),

(

b

Aj3k3i( A

Ajskal( By () + )Py ()

A]3k31(

£, pe)) =
(),

and {ji, j2, j3, k1, k2, k3} € N, PJ( )=Dp, Vi€V, ACA Al =m
such that if (i, j, k) € A, then (j, i, k) ¢ A and (i, k, j) ¢ A. Since all
agents are static in this localization problem, the constant matrix
AiAﬂk(a) € R?>*? is only related to the constant interior angles
in Ajik. Moreover, (8) is distributed and can be implemented
by using agent i's one-time angle measurement to obtain wjy,
one-time communication with agent j to obtain oy; and contin-
uous communication with agents j, k to obtain p;(t), p(t), where
Jj € U2z}, k € {ki, ky, k3}. Since Lg(a), La(er) are constant
matrices, it follows straightforwardly from (7) and Lemma 1 that
pr(t) — pr globally as t — oo if the triangular angularity A is
localizable.

Different from Chen (2022), Fang et al. (2021) and Zhao and
Zelazo (2016) and the localization problem introduced earlier
where all static agents form a static angularity A(V, A, p), the
SLAF problem to be investigated in this paper deals with dynamic
angularity A(V, A, p(t)) since the positions p(t) of the agents are
time-varying. Therefore, one of the main challenges in the SLAF
problem is that the interior angles formed by the agents are
time-varying. According to (4) and (6), the matrices Lg(a(t)) and
La(a(t)) are also time-varying, which makes the control design
and stability analysis challenging due to the existence of high
nonlinearity. The following three sections introduce our solu-
tions to SLAF problems with static leaders, leaders with constant
velocities, and leaders with time-varying velocities, respectively.

3. SLAF for the case of static leaders

In this section, we first formulate the problem mathematically,
then design estimation laws to let the followers know their
desired positions, and finally design estimation laws to localize
them and design control laws to drive them from their initial
positions to their desired positions, respectively.
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Agent i’s estimation and control frameowrk
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Communiction

Estimating the desired position by designing
pi () = f7 (8) 55 (1), @)
{ 1

Estimating the current
position by designing

pilt) = F7 5s() 95 (0), ai(t)) Bill)

Controlling the current position to the
desired position by designing

= f(p},pit). i (t))

P7 (1), pi(t)
(). 5(0), € A;

Other agents in the
multi-agent networkl

Angle
measurements
aij(t).g.k €N;

Fig. 1. The overall localization and control framework.

3.1. Problem formulation

Consider a time-varying angularity A(V, A, p(t)) where the
leaders are static, i.e., p(t) = 0 and the followers are dynamic,
i.e,, ps(t) # 0. The desired triangular angularity A*(V, A, p*) is lo-
calizable where p* denotes the desired positions of all the agents
which are assumed to be generic (Chen et al., 2021, Def 4), and
a* are the desired angles defined by A. Denote by p;' = p(0) the
leaders’ desired positions which are known by themselves, and p}“
the followers’ desired positions which are uniquely determined by
p; and o« according to Lemma 1(iii). Consider that each follower
is governed by the single-integrator dynamics

pi(t) = u(t), i € Vy. 9)
The localization task is to design estimator ﬁi(t) such that

lim (Bi(6) — pi(£)) = 0.1 € Vy. (10)

The formation task is to design control input u;(t) such that

Jlim (pi(t) = p{) = 0.1 € V. (11)
The aim of SLAF is to simultaneously achieve (10) and (11) for

the followers. We consider the scenario where p;, u;, Vi € Vy are
only the functions of a(t), ji(t), ozl.’;k, aj’gk, pi(t), pi(t), pr(t), ﬁ]’.*(t),
Vj, k € N, i.e,, the real-time angle measurements and the desired
angles formed with the neighbors, the real-time estimates of own
and the neighbors’ positions, and the real-time estimates of own
and the neighbors’ desired positions. The main strategy of our
solution is to simultaneously estimate each follower’s real-time
position and drive the follower from its current position to its
desired position. Since each follower i does not know its desired
position p; but knows the desired angles (xuk with respect to
its neighbors j, k, each follower i needs to estimate its desired
position p{ by using the information of %k» aﬂk firstly.

3.2, Estimation of the followers’ desired positions within finite time

In this subsection, we design estimation law f);‘(t) using the
information of a;fk, f)}"(t),ﬁ}"(t), V(i,j, k) € A such that each fol-

lower i can obtain p; within finite time. Towards this end, we
design the estimation law as

pr(t) = —sigh (cg(a*)pj(t) + Lala*)p))
whose component form for each follower i € V; is

fJ;‘(t) — —sig’gl[ Z (AiAijlkI(a*))Tﬁmjlkl(a*,ﬁ*(t))

(i1 ki) A
+ ) @

Alzlkz )TfAlekZ( * p(t))
(j2.i,ky ). A

)@

(3.k3,0)e A

(12)

AB k31

NTFI @, ()] (13)

where pi(t) = pi.V¥j € W, 0 < fi < 1[N (1) =
AT @ pr(e) + AA'“’“( B () + A ()P (£), and pi(t)

denotes agent i's estimate of p}. Since the designed estimation
law (13) only uses the local information of o, pj(t) and the
communication information of ﬁf(t),j € N; from its neighbor j,
it is distributed and is independent of agents’ real-time positions
p(t). Then, one has the following results.

Theorem 1. If the desired triangular angularity A*(V, A, p*) is
localizable, then f)}"(t) under (12) converges to p}‘ within finite time.

Proof. By using Lemma 1, LgF(a*) is nonsingular and positive
definite. Design Lyapunov function candidate

Vi(£) = 0.55; T (6)L (e B (0,
where ﬁ}‘(t) = f)}"(t)—p}*. Taking the time-derivative of (14) yields
Va(t) =B} T (0)Lg (o )pf(2)
= — P ()L (e®)sigh (Lg(a)Pf(t) + Lale™)pr)
= —p; ' (0)cy(a*)sigh (Lg(a)Pf(D))

where we have used the fact pf* = —[,F(a*)[,ﬂ(oz
Lemma 1. It follows that

Vi) = ~(Lg(@)pf(0) sigh (Lg(a™)f (1)
=< _Clvlﬁ(tl

(14)

(15)

*)p; by following

+1

where ¢ = 2"F (W Ly ) imdke (Lp(@)) > 0,0 <

@ < 1 Accordlng to Hong, Huang, and Xu (200], Lemmal),
1-81

one has that there exists a settling time T; = vV, % (0)

ci( 1 c(1-81)
such that for ¥t > Ty, Vi(t) = 0, i.e, pf(t) = pf. O

After the followers have the knowledge of their desired po-
sitions by (12), we then design position estimation laws and
formation control laws to simultaneously achieve (10) and (11).
The overall localization and control framework is shown in Fig. 1.

Remark 2. In this SLAF problem, the leaders are required to know
their absolute positions in the global coordinate frame, which can
be fulfilled by equipping GPS receivers. In the case where GPS
signal is unavailable, the leaders can establish a temporary global
coordinate frame using local relative position measurements with
respect to some common environmental landmarks, by which the
leaders can obtain their coordinates with respect to the tempo-
rary global coordinate frame. In addition, according to (4) and
Lemma 1, the minimum number of angle constraints in .A to make
A* localizable is 2n — 4, which is also the minimum number of
required angle measurements to conduct the SLAF task.

3.3. Simultaneous localization and formation
Without requiring the knowledge of agents’ absolute positions

or relative positions with respect to their neighbors, we design
the simultaneous localization and formation algorithm for the
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followers as

pr(t) = — Ly(alt)ps(t) — La(a(t)p:
+ up(t) — ka(py(t) — p}‘(t)) (16)
pr(t) =up(t) = —ka(By(t) — PE(E)), (17)

where k; is a positive scalar, a(p(t)) is abbreviated as «(t), and
ﬁ}‘ is governed by (12). Since py(t) is time-varying under (16) and
(17), the angles «(t) among the leaders and the followers and the
matrices Lg(a(t)), La(a(t)) are all time-varying. The component
form of the simultaneous localization and formation algorithm
(16) and (17) can be written as

@ @)K ). Be)

(ij1.k1)e A

D I O A CION0)

(j2.i,k )€ A

D A CO) W AR CION ()

(j3,k3,i)e.A
+ ui(t) — ka(pi(t) — Pi (t)), (18)
pi(t) = wi(t) = —ka(pi(t) — Py (£)), i€y, (19)

where £ (a(t), p(t)) = AL (@(0)Pi(e) + AL (0B, (6) +
Aﬁ”lkl(a(t))ﬁkl(t) and pj(t) = p;,¥j € V. According to the
component form of the SLAF algorithm for agent i, one can see
that (18) and (19) only need the angle measurement information
@jik(t), ajj(t) and the communication information pj(t), Vj € M.
Therefore, the simultaneous localization and formation algorithm
(16) and (17) is distributed and can be implemented using local
angle measurements with respect to neighbors and communica-
tion information from neighbors. Before giving stability analysis,
we need an assumption such that (16) is well-defined.

Assumption 1. No collision occurs among neighboring agents,

ie., pi(t) # pi(t), pi(t) # pr(t) and pi(t) # pi(t) for ¥(j,i,k) € A
and t > 0.

Due to the absence of inter-agent distance measurements,
Assumption 1 is a common assumption required also in other
bearing-only or angle-only formation control problems (Chen
et al.,, 2021; Zhao, Li, & Ding, 2019; Zhao & Zelazo, 2016). Given a
specific formation control law, inter-agent collision is determined
by the initial formation (Zhao et al., 2019). In this paper, we will
also present sufficient conditions on the agents’ initial states to
guarantee both collision avoidance and system convergence.

Now, we conduct the stability analysis for (16) and (17). First,
we aim to obtain that ps(t), us(t) are bounded for t < T;. Accord-
ing to the proof of Theorem 1, f)}‘(t) is always bounded for Vt <
T; since its evolution is independent of (16)—(17). Then, under
Assumption 1 and bounded initial states Pr(0), pr(0), one has that
Pr(t), up(t) in (16)-(17) are bounded for t < T. This is because
Lg(a(t)), La(a(t)) are functions of sin aji(t) and cos a;i(t), (, 1, k)
€ A, which are bounded for any angles o (t) satisfying Assump-
tion 1. Therefore, pr(t), pr(t) will not diverge for t < Ty. In the
following, we analyze the stability of (16)-(17) for t > Ty, in
which ﬁ}‘(t) = py. Define ps(t) = (ps(t) — pF) € R?Y as the
position-based formation error, and P (t) := (py(t)—ps(t)) € R*"
as the position estimation error. The dynamics of ps(t) and pef(t)
under the algorithms (16) and (17) can be written as

[éef(r)} _ [cﬁ(a(r)) + kilany kqu] [qefm] ’ 20)

pr(t) k1lon kil | | Dr(t)
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where we have used the facts that Cg((t))ps(t)+ Lale(t))pr =0
and pr(t) — pf = Dr(t) + Per(t). Compared to the localization

dynamics (7) for static angularities, the simultaneous localiza-
tion and formation dynamics (20) for dynamic angularities are
more complicated because the system matrix in (20) is state-
dependent and highly nonlinear. Now, we present the results on
the closed-loop dynamics (20).

Theorem 2. Consider a multi-agent system consisting of static
leaders and dynamic followers governed by (9). Suppose that each
follower i € Vs has angle measurements oy (t) and the informa-
tion pr(t), pj(t), ayk(t) obtained from the communication with its
nezghléor; € N. Under the SLAF algorithms (16)-(17), if Assump—
tion 1 holds and the desired triangular angularlty A*(V A, p*) is
localizable, then the following conclusions hold:
(i) The equilibrium set of the dynamics (20) is

= {(Ber. r)| Ry(@)pes = 0. Pes + By = 0}
= {(Ber. Br)l Ra(@)py —p) = 0, By = p}) (21)

Moreover, no matter what the initial states pes(0), ps(0) are, the
closed-loop dynamics (20) always converge to the set $2.s.

(ii) The desired equilibrium $2es1 = {(Def, D)l Dy = 0, Py = 0}
of (20) is locally and exponentially stable.

(iii) The desired equilibrium of the closed-loop dynamics (20) is
exponentially stable iff there exist some positive scalars To, y1, y2
such that for Vt > 0

t+Tp C
g (@(@)+kalang kilong
y]’an = /; [ k112nf "112nf ] dz = VZIan~ (22)

Moreover, if no collinearity occurs Vt > 0 for all the triangles defined
in A, then the desired equilibrium of (20) is asymptotically stable.

Proof of Theorem 2. (i): Letting faef =0, f)f = 0in (20), one has
that
{Eff(()l)f)ef + k]f)ef + k1f)f =0

_ . (23)
k]pef + klpf =0

which implies that pes + pr = Py — pf = 0 and Lg(a)pey = 0.
According to (6), one has ﬁzfﬁﬂ((x)ﬁef = (RfA(a)ﬁef)TRfA(a)f)ef =0
which implies that I '1(a)pes = 0. To prove that the solutions of

(20) starting from arbitrary initial conditions will converge to £2,
we design the Lyapunov function candidate as

Va(t) = 0.5 (t)Per(t) + 0.5p/ (£)ps(t) (24)
which is positive definite and radially unbounded. Taking the
time-derivative of V,(t) along the closed-loop dynamics (20)
yields

Va(t) = Pyt )pef(r) + B/ (Opr(t) (25)

= —Pep(t)L (())Pes(£) — kP (£)Pes (£)
— 2k B (OB (E) — ke[ (O)By(0)
= —Pgr ()L (a(t))Pes(t) — ki | Pes(t) + Br(0)]I* < O
where we have used the fact that Lg(x(t)) is positive semi-
definite for any p(t) € R2" satisfying Assumption 1. Since V5(t) >
0, V5(t) < 0, according to LaSalle’s invariance principle (Khalil,
2002, Corollary 4.2), one has that all the solutions of (20) con-

verge to the set {(Be, py)l Va(t) = 0} = {(Ber, By)| Ri()py =
0, Def +pf :O}- O

Proof of Theorem 2. (ii): To conduct linearization for local sta-
bility analysis, we consider U = {Y|||Y|| < r} as the small

neighborhood of the desired equilibrium Y = [y, p/ 17 = 0,
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where 1, is chosen to be small such that inside U, there are no
configurations with inter-agent collinearity or collision. Note that
such kind of r, always exists because Y = 0 corresponds to the
desired formation configuration (which is generic, i.e., without
inter-agent collinearity and collision) and an arbitrary configu-
ration in U is close to the desired configuration. Since V,(t) < 0
forall Y € U, U is a positively invariant set under (20). When
Y(0) € U, linearizing py in (20) around the desired equilibrium
.51 yields

- _ 3(_k1ﬁef(t) - klﬁf(t))
B = [ )

Iﬁef([)—o«i’f—01| Per(t)

d(—k1per(t) — kapg (1)) .
95,0 lpes(t)=0,5y=0 | Pr(t)
= — k1Der(t) — kapy(t). (26)
) dcosayy _ Obybi)  bRla=bybl) | bl(a—byb}) dsinag
Smfei I R e I o d =5 =
dbycby) by (a—biby) byl —byby ) . _—
W = T ed T el the partial derivatives of

the elements in Lg((t)) with respect to py are well-defined and
continuous for all Y € U. Following Khalil (2002, Section4.3), the
linearized dynamics of pes is
Per(£) = — L@ s () — kaPer(t) — kP (1), (27)
where we have also used the fact ﬁff(a(t))h';ef(t):o’ﬁf:() = Le(o*).
Writing (26)-(27) into a compact form yields
Per(t)] _  [p(@) + kb, Kalon ] [er(t)
er (1) _ et (28)
pr(t) k1 Ion kil | | Pr(t)
The characteristic polynomial of (28) is

det[(Aan; + L(*) + Kalan, O + k1) — Kilan, ]
2nf

= 1_[ ()»2 =+ (2’(1 =+ )»i([,ﬂf(a*))))x + ’(1)\,’([:]9"((1*)))
i=1

=0 (29)
where A;(Lg(a*)) denotes the ith eigenvalue of Lg(a*),1 <i <
2ny in a descending order. Since Lg(a*) is positive definite, all the

solutions of (29) are negative. Following the Lyapunov analysis in
the proof of Khalil (2002, Theorem 4.7), one has that the desired
equilibrium of (20) is locally and exponentially stable. [

To prove Theorem 2. (iii), we first introduce a lemma about
the persistent excitation condition which is similarly used in Ye
et al. (2017) and Han et al. (2018).

Lemma 2 (Anderson (1977)). Let W(-) :
Then, the equilibrium of

x(t) = —W(OW T (t)x(t) (30)

RT — R™ " be regulated.

is globally and exponentially stable iff there exist positive scalars
Ty, y1, ya such that for Ve > 0, yilywm < [ (W()WT (1)) dr <
Volmxm. O

Proof of Theorem 2. (iii): Note that |:£ff(05(t)3 + k112nf ;i1§2nfi|
1 an 1 an
T
_ (RfA(Ot(t)))T x/EIan (R[A(O‘(t)))T “/EIZ"f Using
0 N 0 NP

Lemma 2, the desired equilibrium of (20) is globa{ly and expo-
nentially stable iff (22) holds. Moreover, if no collinearity occurs
vVt > 0 for all the triangles defined in .4, then Lg(c(t)) is always
positive definite for V¢ > 0 since A* is localizable. Therefore,
[):f(t)ﬁﬂr(a(t))ﬁef(t) > 0 and V,(t) < 0 by using (25). It follows
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from Khalil (2002, Theorem 4.1) that the desired equilibrium of
(20) is asymptotically stable. O

The overall equilibrium set £2,s in (21) consists of not only the
desired equilibrium set §2.; where the followers reach their tar-
get positions, but also the undesired equilibrium set 2,5, = §2¢,—
Qest = {(Ber. Pl Ry(@)py — p}) = 0,p; # pf, Py = pj} where
the followers become static but they have not reached their target
positions. Clearly, £2.s, is much larger than £2.5;, which makes its
analysis vital. Now, consider in the system evolution of (20) that
[Py B/ 1" falls into 2es,. According to the facts R, (@)(py —pj)=0
and py # p}‘ in the definition of £2.,, one has Rank(RfA(oz)) < 2n;.
Since Rank(Lg(a)) = Rank(RfA(a)), Lg(a(p)) is singular and the
whole angularity becomes unlocalizable when [, b/ 17 € 2es2.
Since the leaders are static and A* is localizable, at least one
triangle defined in A is degenerate Chen (2022), i.e., collinear,
when [p;, p/ 17 reaches one of those undesired equilibrium in
£2¢52. Next, we use a perturbation-based approach to drive the
system away from $2.; when the system reaches an undesired
equilibrium, i.e., [P (t), B ()] € 2es2, at some time instants ¢.

3.4. Perturbation-based simultaneous localization and formation
with asymptotic convergence

Inspired by Trinh, Zelazo, and Ahn (2019), we design a
perturbation-based algorithm such that the system can escape
away from collinear or unlocalizable configurations when they
reach £2.5. Towards this end, we modify the SLAF algorithm
(18)-(19) into

Py =— Y A @) ), i)

(i.j1.k1)eA
_ Z (AI-AD”{Z(Ot(f)))TfiAjzlkz(Ol(t),ﬁ(t))
(jo,i,kp )€ A
— Y @A) T (), )
(j3.k3.i)e A
+ ui(t) — ky(pi(t) — pf) — ei(t) (sgn(pi(t) — p) — &i(t)) . (31)
pi(t) = ui(t) = —k(Pi(t) — p}) (32)

—ei(t) (sgn(pi(t) — p}) — &i(t)) , i€V
where e; = 204’1‘,,{4)644 |otjyiky (t) — ot | = 0 is the sum of the
absolute values of the angle errors associated with agent i, and
the perturbation term 8;(t) = [8i1(t), 8i(t)]" € R? is a continuous
time-varying vector satisfying ||8;(t)|| < 1, and we considered
t > T].

Theorem 3. Consider a multi-agent system consisting of static lead-
ers and followers governed by (9). Suppose that each follower i € Vy
has angle measurements o (t) and the information ﬁ;‘(t), pi(t), wiji
(t) obtained from the communication with its neighbor j € Ni.
Under the simultaneous localization and formation algorithm (31)
and (32), if Assumption 1 holds and the desired triangular an-
gularity A*(v, A, p*) is localizable, then the multi-agent system
asymptotically converges to the desired equilibrium $2.s;.

Proof. Since the right sides of (31)-(32) are discontinuous, we
consider the solutions pr(t), ps(t) of (31)-(32) in the Filippov
sense. Because the signum function is measurable and locally
essentially bounded, the Filippov solutions of (31)-(32) exist (Fil-
ipov, 1988). Consider the same Lyapunov function candidate V;(t)
for (31) and (32), which is continuously differentiable and radially
unbounded. Then, Vz(t) exists almost everywhere (abbreviated as
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ae.) and V, €% V, where € represents the differential inclusion
here, and

Va(t) = Poper + By Br (33)
= —Po ()L (e ))Per(t) — kallPer(£) + Br(D)]1?

na+nf
— > elt)pit)
i=ng+1
na+nf

- Y o) (puo)

i=ng+1

—pi(0)" (K[sgnl(pi(t) — p}) — &i(t))

—p;) T (K[sgnl(Bi(t) — p}) — &i(t)) -

and K[f](x) represents the Filippov set-valued mapping of a vec-
tor function f(x) (Trinh et al., 2019). Note that the last two
components in (33) can be rewritten as

na+nf
- E (pl
i=ng+1
na+nf

=— Y elt)lp(t

i=ng+1
na-H’lf

<= > e®lp(e) = pilh (1= 180 <0 (34)

i=ng+1

i) (K[sgnl(pi(t) — p;’) — 8i(t))

—pill = (Bilt) — p}) T 8i(t))

where we have used the facts that e; > 0 is a scalar, (p;(t) —

pi)"K[sgnl(pi(t) — pf) = lIpi(t) — p¥ll1 (Filipov, 1988; Trinh et al,
2019), and (pi(t) — p})"8i(t) < lIpi(t) — pll2l8:(Oll2 < lIpiCt) —
pill1118:i(t)]l2. Substituting (34) into (33) yields

Va(t) < =By (O)Eg(@(t)Ber () — Ko s (6) + Pr(E)2

which implies that the solutions of (31) and (32) will converge to
the set $2.s = $2¢51 U §252. Now, we prove that a state in $2; is
not an equilibrium of (31)-(32). If an arbitrary state [}, p/ 1" €
$252, then the formation configuration of this state has at least
one degenerate triangle. Therefore, 3i € Vf such that e; # 0.
Since §;(t) is a time-varying perturbation, e; (sgn([)i -pf)— 8,-) #*
0 which implies p; # 0,p; # 0, ie., an arbitrary state in
25> is not an equilibrium of (31)-(32). However, £2.; is still an
equilibrium of (31)-(32). Using LaSalle’s invariance principle for
nonsmooth systems (Fischer, Kamalapurkar, & Dixon, 2013; Trinh
et al,, 2019), the state under (31)-(32) asymptotically converges
to the desired equilibrium £2,;. O

Remark 3. Compared to Trinh et al. (2019) where the pertur-
bation is pair-wise, the perturbation §;(t) we used in (31)-(32)
can be selected individually in each agent. Although the pertur-
bation §;(t) has positive effect of driving the system away from
unlocalizable configurations, it may have negative effect on the
system'’s convergence rate. To keep the perturbation sufficiently

small when it is unnecessary, one can choose §;(t) = e~ 73 [2?5{]

where y3 is a positive scalar. In addition, according to (3), Lg(c(t))
in (20) is a function of sin «;i(p(t)) and cos jik(p(t)), U, 1, k) € A,
which implies that Lg(a(t)), La(a(t)) are state-dependent, well-
defined, and continuous even when a collinearity occurs among
neighboring agents. Therefore, if Assumption 1 holds, the systems
(16)-(17) and (31)—(32) have solutions.

4. SLAF for the case of leaders with constant moving velocities
In this section, we consider that the leaders are dynamic and

move with constant velocities, i.e., pf(t) = v} #0,t > 0,i € V,
where v} € R? is a constant.
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4.1. Problem formulation

Consider that the desired angularity A*(V, A, p*(t)) is time-
varying where p*(t) denotes the desired positions of all the
agents, and o™ are the desired constant angles defined by .4, and
the desired formation shape is specified by «*. Then, the leaders’
desired positions p[(t) can be written as

pi(t) = pi(t) = p;(0) +

where v} € R? is the constant velocity of the leaders. Our aim
still consists of simultaneously achieving localization (10) and for-
mation (11) using the information of er(t), ey, pi(t), pi(t), Pr(t),
Py (), V(i j, k) € A.

(1, ® i), Y6 =0 (35)

4.2. Estimation of the followers’ desired positions

To obtain the followers’ desired positions, we design the esti-
mation law as

BE(t) = —Basgn (Lp(a*)PE(E) + La(a* i (L) , (36)

where 8, > /f||v?|l and [J}‘(t) denotes the followers’ estimation
of Py #(t). According to the component form (13), each follower
i under the designed estimation law (36) only uses the desired
information %kv O‘ky' the communication information p] *(t),j €
N; from its neighbors, the upper bound of the desired moving
velocity v}, and the number of the followers. Then, one has the
following results.

Theorem 4. If the desired triangular angularity A*(V, A, p*(t)) is
localizable, then f)}*(t) under (12) converges to p}*(t) within finite
time.

Proof. According to Lemma 1. (i), one has that p}’f(t) can be
calculated by p}"(t) = —Ef}l(a*)ﬁﬂ(a*)pj‘(t). Then, we design the
Lyapunov function candidate as

Va(t) = 0.55; T (£)Ly(a* () (37)
where f)}‘( )= pf( )—pf(t). Slmile{r to Theorem 3, for the Filippov
solution of (36), one has V3 €%¢ V3 where

Vs(t) = ;T (E)Lg(BE(t) — BET()Lp (o pE(E)
= —ﬂz“*T( t)Cr(e* K [sgn] (Lg(e*)pf(t))

+ T (OLale (1, ® V7). (38)
Using the facts that Lg(o*)(15, ® vj)—i—ﬁff(oc*)(lnf ®v}) = 0 Chen
(2022), x"K[sgn](x) = |lx|l; and ||x|l; > |lx||> for an arbitrary
vector X = [xq,...,Xn] ', one has
Vs(t) < —(B2 — /Ar Vi l12) I £ (e )BF (D)2 (39)

}Lmin(ﬁff(a*)) 1
< —Va(B2 — v )= (Va(1)2
‘ )\max(ﬁff(a*))
M
where ﬁ(ﬁz JTrllvEl2) S > 0. According to Hong

et al. (2001, Lemmal), there exists a settling time T3 =

\/54 / )Lmax(l:jf(a*)) % _
(ﬁrﬁ\lv?\Iz)xmin(ﬁff(a*))V3 (0) such that for Vt > T3, V3(t) = O,

ie, pj(t) = pf(t). O

4.3. Simultaneous localization and formation

After the followers know their desired time-varying positions
by (36), we now design a position estimator for each follower
to obtain its real-time position in the global coordinate frame,
and design a position-based formation control law such that
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each follower can move from its current position to its desired
position. Different from the case of static leaders in Section 3, we
design a SLAF algorithm for the followers as

Br(t) = — L(a(O)py(t) — Lala(t)pi(t) + p(t)

— ka(pr(t) — B} (1)), (40)
bf(t)=—’<z(ﬁf(t)—ﬁf(t))—/0 (by(7) = Pf(r))dr (41)

where k; > 1 is a scalar. Similar to (18)-(19), one can also have
the component form of the SLAF algorithm (40)-(41), from which
one can see that each follower i needs the angle measurement
information ayi(t), ax(t), (i,j, k) € A and the communication
information p;(t), Vj € M. Therefore, the simultaneous localiza-
tion and formation algorithm (40)-(41) is distributed. Since the
states in (40)—(41) are bounded for t € [0, T5], we conduct the
stability analysis of the dynamics (40) and (41) for t > Ts. First, by
defining an auxiliary variable & (t) = fot(f)f(r) - p}‘(t))dr — ﬁf(t),
the closed-loop dynamics of (40) and (41) can be written as

Des (1) Ly(a(t)) + kolon,  koln, 0 | | Pep(t)
pr(t) | = — kalon Kalon,  Lone | | De(8) | (42)
E(t) —lny ~Ly 0 || &)
where p7(t) = — £ (o) £ale" j () = L5 (e )eple™ (1, @ v7)
is constant and we have used the fact ﬁ;(r) = 0. Due to the

existence of the integration term in (41), the SLAF dynamics (42)
for the case of constant-velocity leaders is different from the
SLAF dynamics (20) for the case of static leaders, even when the
velocity v} in (35) is zero. Now, we present the results about (42).

Theorem 5. Consider a multi-agent system consisting of constant-
velocity leaders and followers governed by (9). Suppose that each
follower i € Vs has angle measurements o (t) and the informa-
tion ﬁ]f“(t),ﬁj(t), jj(t) obtained from the communication with its
neighbor j € N;. Under the simultaneous localization and forma-
tion algorithm (40)-(41), if Assumption 1 holds and the desired
triangular angularity A*(V, A, p*) is localizable, then the following
conclusions hold:
(i) The equilibrium set of the dynamics (42) is

Qed = {(Bes By &)| Ry(c)Bes = 0, Ber + By = 0, = 0}
=((Bey By &) Ra(@)py — p}) =0, b = p, & = 0.
(i) The desired equilibrium {p;; = 0,p; = 0,& = 0} of the
dynamics (42) is locally and exponentially stable.

(iii) The desired equilibrium of the closed-loop dynamics (42) is
asymptotically stable if for Vt > 0,

(12K — 8)g(e(t)) — BLp(elt))Ly(a(t)) — kol > 0. (43)

Proof of Theorem 5. (i): Letting & = 0, one has py + pes = 0.
Further letting faef = 0, fJf = 0, it follows that éf = 0 and
Li(a)pes = 0 which imply RfA(a)f:ef = 0. By using the definition
of per and py, the equilibrium set of (42) can be written as £2,4. O

Proof of Theorem 5. (ii): Note that the closed-loop system (42)
is an autonomous system. By following the linearization steps
given in (26), one has that the linearized dynamics of (42) can
be written as

Des(t)
pr(t) | =—
E(t) ~lony

Lg(o*) + kalon
kalon

kaln, O Per(t)
kalon, Do | | Br(E) | . (44)
—Ian 0 gf(t)
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Then, the characteristic polynomial of the system matrix of (44)

can be written as

MALne + Lg(0*) + kaolon; )
(ko + 1z,

)\.k212nf

72nf
A (% + ko 4 Dl

2nf
= [T 02 + 12k + Ayl
i=1

HkaAi(Lg(a®)) + 112 + Ai(Lg(a®))) =0 (45)

where Ly (o) is positive definite and can be written by Lg(a*) =
131cliag{[xl(cff(oz*)),...,Az,v(z:ff(oz*))]}P;1 where P; € R>7*2
is a nonsingular matrix. Using the checking condition for three-
order characteristic polynomial (Chang & Chen, 1974), all the
6ny solutions of (45) have negative real parts because (2k; +
MLy (o MR Ai( Ly (o)) + 1) — Ai( Ly (a®)) > 0, Vi=1,..., 2n5.
Then, the equilibrium of the linearized system (44) is exponen-
tially stable. When the initial state of (42) lies in a neighborhood
of the desired equilibrium {p,f = 0, pf = 0, §f = 0}, one has that
the desired equilibrium of (42) is locally and exponentially stable
by following the Lyapunov analysis in Khalil (2002, Theorem
47). O

Proof of Theorem 5. (iii): Construct the Lyapunov function can-
didate as

Va(t) = XT(EPX(8) (46)
kalony
Ian 0 K 12 Def(£)
where P, = 0 by 22y |, X(t) = | B© |. According to
& (8)

kalany  kolon,
2 2 k212nf

Schur complement theorem (Gallier et al., 2010), since k%lef >0

Ly, 0 0.2512nf 0.2512,,f
and —
0 Ian 0.2512nf 0.2512,1f

symmetric and positive definite. It follows that V,(t) is positive
definite. Taking the time-derivative of (46) along (42) yields

V3(£) = X T(£)(PA1(£) + A (P)X(E) = =X T(£)Q(E)X ()

:| > 0, one has that P, is

where A;(t) is the system matrix of (42), and

ky Lgr (e(1))
2L (@O +halany kol 25
Q(t)= kalong kalong  Iong

7kzﬁffz(a([)) bne kalang

According to Lyapunov theorem for nonlinear autonomous sys-
tems, if Q(t) > 0, then the nonlinear dynamics (42) are globally
stable. Since kzlz,,f is invertible and positive definite, one has that
Q(t) > 0 iff

[zg,f(a<f>>+k2nnf Kalan, ] [ byl Lyl }

Lpla(t)

kol kol
2 an 2 2”f > 1/"2’2nf

(47)

ko £ (a(0)) L gy ((t)) L (e(1))
_ [zzﬁ(a<r))+kzlznf—w kalon, — =15 :| ~o

L (a(t))
kalone — ffz (ka=1/k2)lang

Note that since (k; — 1/k; )IZHf is invertible and positive definite,
using Schur complement theorem (Gallier et al., 2010) again, one
has that (47) holds iff

koL (a(t)Ly(a(t))
205(@(E)) + kol — =2
Ly(a(t) Lyp(a(t))
. kz(k212nf - )(k212nf - =) (48)
21

which is equivalent to the condition (43). O
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Remark 4. In the SLAF algorithm (40)-(41), the leaders’ mov-
ing velocity v} is neither directly known nor estimated by the
followers. Therefore, (40)-(41) requires less global information
and has less communication burden than some other existing
formation or localization algorithms which need the knowledge
of v} or its distributed estimation (Guo et al., 2020). In addition,
(43) is equivalent to requiring that Yy e R?Y with |y = 1,
(12k% — 8 Ly(a(t))y — kgyTCﬁ(a(t))Eﬁ(a(t))y > 4k;.

5. SLAF for the case of leaders with time-varying moving ve-
locities

Different from Section 4, the leaders in this section move with
time-varying velocities, i.e., pj(t) = vj(t) # 0,t > 0,i € V,
where v} (t) € R? is time-varying and is not necessarily equal
to vj‘(t), i£jeV.

5.1. Problem formulation

Consider the desired triangular angularity A*(V, A, p*(t)) is
time-varying where p*(t) denotes the desired positions of all the
agents. Note that the interior angles among the agents are invari-
ant to the formation’s translation, rotation and scaling. Therefore,
if o* are constant and A* is localizable, [p}'(t), pf"(t)]" must
be the combination of the continuous translation, rotation, and
scaling of [p;T(0), pf "(0)I"(Chen, 2022; Chen et al,, 2021; Jing
et al.,, 2019). More specifically,

P (t) = k(D) ® RO())IP}(0) + 1, @ W(E), > 0

where «(t) € R is a nonzero scale factor, R(6(t)) € SO(2) is a ro-
tation matrix with rotation angle 6(t), W(t) € R? is a translation
vector, and «(t), R(6(t)), W(t) are all continuous and differential
functions. Therefore, one can properly select W(t), 6(t), and «(t)
to perform desired translational, rotational and scaling formation
maneuvering, respectively. For example, selecting 6(t) = 6(0) +
w1t and constant wq, k, W will give circular formation motion,

while selecting W(t) = W(O)—i—[‘,;l1 Zﬁ’;xf] nonzero |a;| # |bq| and

constant wo, k, 0 will give elliptical formation motion. First, we

give an assumption on the leaders’ moving velocities v} (t) = p}
and acceleration v}(t), i € V.

Assumption 2. The leaders’ desired positions pj(t) are contin-
uous and twice differentiable, and p;(t) = v/(t) is bounded by
()l < vmax, and v;(t) is bounded by [|0;(t)| < amax Where
Umax, Omax are positive constants and known by the followers.

5.2. Estimation of the followers’ desired positions and velocities

Instead of only estimating the desired positions, the desired
moving velocities also need to be estimated when the leaders

move with time-varying velocities vi(t) = [v}'(t),..., v;flT(t)]T

€ R?™, We design desired position and velocity estimators as
( ) = —Bssegn (L (e PF(t) + Lol )pi (1)) , (49)
F(t) = —Basgn (Ly(a*)OF(t) + Laler oy (L)) (50)

where B3 > [[£5"(@*)Ca(e)lvmax = 10301, Ba > I1£5 (@)
Lal@lama = NEHOI, v7(0) = — L (@) Lp(ap(t) =
[v “m( ) oo, ui ()T € R¥ represents the followers’ desired
velocities, and the component forms of (49)-(50) can be similarly
obtained by following (13). The designed posmon estimation law
(49) needs the desired angle information «j,, o}, the communi-
cation information p p;(t),j € ANj from its neighbors, and the upper
bound of the desired moving velocity vf*(t).
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Theorem 6. If the desired triangular angularity A*(V, A, p*(t)) is
localizable, then p%(t) and (t) under (49)-(50) converge to p}‘(t)
and v}‘(t), respectively, Wlthln finite time.

Proof. For the estimation ofﬁ}‘(t) in (49), note that (37)-(38) still
holds. It follows that in this case one has

Vs(t) = —Bsll Ly (B (t)l1 + B} (£)Lg (e
~(B5 — I OIDILE(@*)BEO)]l2.
Following (39), ﬁ;‘(t) converges to zero within finite time. For the
estimation of f)f( ), design the Lyapunov function candidate as
Vs(t) = 0. Sv*T( )Ly ()7 (t) where vF(t) = vf(t)—vf( ). Similar
to (38) and (39) for the Filippov solution of (50), one has Vs e

g (1)

Vs where Vs(t) = —pBallCq(a* Yo7 (Ol + f*T(t) o YOF(t) <
- _ min(Lg(@®)) 1 which imoli ~
V2(Bs— 1157(0)1]) xmax(z:ff(a*»(VS(”)z which implies that o7 (t)

converges to zero within finite time. O

5.3. Simultaneous localization and formation

After having the knowledge of p}‘(t), vf*(t), we now design

position estimator pr(t) to localize the followers in the global co-
ordinate frame, and design formation control law uy(t) such that
the followers converge to their desired time-varying positions.
Towards this end, we design a SLAF algorithm as

Br(t) = — L(alt)py(t) — Lala(t)pi(t) + ()

— ka(pr(t) — Pf(£)) — Uqux(E), (51)
up(t) = 07 (t) — ka(Pr(t) — PF(£)) — Uau(t), (52)
where uq(t) = diag{[en+1(t)2, ..., en(t)lz]}(sgn(ﬁf(t) —pf(0) —

(1)) € R*™, and & = [8T+1(t) 811" e R*™, and e;, §;,i €
Vs have the same defmltlons as those 1n (31)-(32). Different from
(41), the followers’ formation control law (52) has a feedforward
term f;}‘(t). Since the states in (51)-(52) are bounded within the
finite time required by the convergence of (49)-(50), we can
similarly replace f) by v p respectively after the finite time.
Then, the component form of the SLAF algorithm (51) and (52) for
each follower i € V; can be written as

POy =— Y A o) ), )

(i.j1.k)e A

— > A0 £ ele), BlE)

(j2,1.kz)eA

— > @A o)) £ ), BE)

(i3,k3,i)e.A

+uy(t) - (ﬁ(t)—p,(t))

— e(t) (sgn(pi(t) — (1) (53)
pilt) = ui(t) = vy (t )—km() pl(t»

— e(t) (sgn(pi(t) — pi(t)) — (1)) (54)

where we have used p} = p;,
about the stability of (51)-(52).

vf = vf". Now, we give the results

Theorem 7. Consider a multi-agent system consisting of lead-
ers with time-varying velocities v[(t) and followers governed by
(9). Suppose that each follower i € V¢ has angle measurements
jik(t) and the information f)f(t), ﬁf(t),ﬁj(t), ij(t) obtained from
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(a) Noiseless case

(b) Noisy case

(c) No feasible solution case

Fig. 2. Noiseless, noisy and no feasible solution cases.

the communication with its neighbors j € N;. Under the simultane-
ous localization and formation algorithm (51)—(52), if Assumption 1
holds and A*(V, A, p*) is localizable, then the closed-loop system
asymptotically converges to the desired equilibrium $21.

Proof. Similar to Theorem 3, one has that §2.; is the only equilib-
rium of (51)-(52). Using the same Lyapunov functions V;(t) and
V,(t) for (51)-(52), one has
Va(t) = —Po (1)L ((t))Per () — ki lIPer (£) + By (0)II?
na+nf
D elt)pilt) — pilt)" (sgn(pi(t) — pi(6)) — 8i(t)
i=ng+1
na+nf

Z ei(t) (pi(t) — p} () (sgn(pi(t) — p}(t)) — 8i(t))
i=ng+1
—Dep ()L (@()Per () — KnllPer(£) + Br(t)1> < 0
which implies that the solution of (51)-(52) converges to £2,. Fol-

lowing the proof of Theorem 3 for nonsmooth system (51)-(52),
the closed-loop system asymptotically converges to §2.5;. O

IA

Remark 5. When the leaders have time-varying velocities, an
additional velocity estimator f)f*(t) is designed in (50), which
needs more communication resources and computations than the
SLAF algorithm (40)-(41) designed for constant-velocity leaders
and (16)-(17) designed for static leaders. Therefore, the SLAF
algorithm (40)-(41) is not the special case of (51)-(52) or general
case of (16)-(17). Due to the existence of an integral term in
(41), even by adding a perturbation into (40)-(41), we have
not proved its asymptotic stability. Therefore, compared to (40)-
(41), the advantage of (51)-(52) and (16)-(17) is the asymptotic
convergence. Although the information of n¢, Vmax, Gmax and £(a*)
is required in the estimation laws (36),(49),(50), they are usually
known in the design stage or one can select sufficiently large
Bi, i =2, 3, 4 such that the corresponding conditions hold.

6. Further discussion on sensor measurements and conver-
gence properties

This section investigates the effect of angle measurement
noises, the extension to other sensor measurements, require-
ment on orientations of agents’ coordinate frames, collision and
collinearity avoidance. We only focus on the case that the leaders
are static since the cases that the leaders are dynamic can be
similarly obtained.

6.1. Effect of sensor measurement noises

Firstly, we consider that angles are measured by cameras.
According to (1), the angle ayj(t) is calculated by using b;(t) =

cos ¢;i(t) _ cos ¢jk(t) H
[SM;’_(I)] and by = [Siw;l’:(t)] where ¢;(t) € [0,2n) is the

bearing angle rotating from the X-axis of agent i’s coordinate

frame to the bearing direction ij under the counterclockwise
direction. Assume that agent i’s all bearing angle measurements

10

are obtained from its onboard camera’s images which subject
to the same additive noise ws(t) € R. Then, those noisy bear-

ings can be described by by(t) = [Eif((ifj((giﬁ((tt;;] and by(t) =

[Z?S(‘iffg))iﬁ((fii] Since the matrices Lg(a(t)), La(a(t)) in (16) are
only related to the interior angles «(t), we need to analyze the
change of these matrices under the existence of noise ws(t).
Defining ay;(t) as the angle that is calculated by noisy by(t), bj(t),
it can be verified that ay(t) = au(t), which implies that the
existence of ws(t) has no effect on «(t), and thus has no effect
on Lg(c(t)), La(ee(t)) and the proposed SLAF algorithms.

Secondly, we consider that angles are measured by directional
antenna arrays, under which bearing angle measurements ¢;
and ¢y subject to different additive noises, i.e., aj(t) 7# oi(t).
According to Fig. 2(a) and the angle-induced linear Eq. (3) in
Aijk, if p;, p; are known, pyx can be uniquely localized as pi
RT ()
sinajki
surement noises exist in the angle measurements o, kij, ijk»
then the true position py calculthegl from noiseless angle mea-
surements is different from p, = iirfz’f’z)[(sin &jiR(@) — sin &l )
pi + sinayp;] obtained from nois;JI angle measurements, see
Fig. 2(b). Worse still, as shown in Fig. 2(c), if p;, p; are known and
all the angle measurements are noisy, then there is no feasible
solution for py, p, under the angle measurements in triangles
Aijk, Ajmk, Aimk (this is because there are 2 unknown position
variables py, pm, but 3 angle-induced linear equations). In this
case, there does not exist an equilibrium for the four agents to
achieve a desired or biased formation.

Therefore, to guarantee that the localization process under
the existence of noises has at least a feasible solution, we must
ensure ojii(Qjki, Akij, Lijk) + Ckif( Qjkis Ukij> Aijk) + Xiji( Qjiis Anij» Xijk) =
7 (only discuss the case aj; € (0, 7)) where &ji( @i, Ckij, Xijk)
represents the angle that agent k will use for localization, which
corresponds to aji; and is a function of the measured noisy angles
Qjii, Okij, ®ijk. To also minimize the negative effect of measurement
noises, according to Lin et al. (2020), one can calculate ay; by
using apj = Okj — M Then, if p;, p; are known,
there at least exists py such that (sin &jkil_?(&kij) — sin &ijklz) pi +
sin akp; — sin &jk,-l_{(&kij)ﬁk = 0. Moreover, if noises are bounded
and sufficiently small (so that the angles &;, are still generic,
i.e.,, not being 0 and =), then |py — pk| should be bounded,
i.e., there exists at least a biased formation for the agents to
achieve. Therefore, for a network with multiple triangles, if more
angle measurements are given, the negative effect of noises can
be lessened by using some geometric properties existing in the
network.

[(sin ajiiR(eukij) — sin agielz) p + sin agip;]. However, if mea-

6.2. Extension to other types of sensor measurements

We extend the designed SLAF algorithms to the cases with
distance or bearing measurements by establishing their corre-
sponding measurement-induced linear equations.

(a) Distance measurements: Let d; = ||p; — p;|| be the dis-
tance between agents i and j. According to Diao et al. (2014),
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the barycentric coordinates can be used to establish a distance-
induced linear equation among four agents. To avoid singularities
of the barycentric coordinates at collinear or unlocalizable con-
figurations, we use barycentric-modified matrices to establish a
distance-induced linear equation in quadrilateral Z7ijkh

S .
fdd, p) = o " (d)pr + o " (d)p;

+ oMy + of ™M(dyp = 0 (55)
nge Qlﬂijkh(d) _ SAijlg“ c R2><2’Qi0ijkh(d) — —Sub
Q Md) = —Sauily, 9 Ukh(d) = —Spijl2, and Sajk, Sai,

Salij» Saijk are the signed area of the corresponding triangles
Aljk, Alki, Alij, Aijk, respectively. The value of Sy, Sai, Saiij
Saijk can be calculated by Cayley-Menger determinant and sign
determination formulas in Diao et al. (2014), which are only
related to inter-node distances. If three points of p;, p;, pk, pi
are collinear, (55) is still well-defined but the remaining non-
collinear point will not be shown in (55).

(b) Bearing measurements: According to Zhao and Zelazo
(2016), the bearing-induced linear equation between agents i and
j can be described as

2(b, p) = (I — byby Jpi — p;) = 0 (56)

Writing all the induced linear Eqs. (55) or (56) from the multi-
agent network into a compact form, the corresponding mea-
surement and localization matrices can be similarly defined for
network localizability and localization. Also, SLAF algorithms in
Sections 3, 4, 5 can be similarly developed.

6.3. Requirement on orientations of agents’ coordinate frames

Consider that each agent holds a sensor measurement co-
ordinate frame and a control execution coordinate frame. The
proposed SLAF strategies require the orientations of the agents’
control execution coordinate frames to be aligned with the global
coordinate frame, but has no requirement on the orientations of
the agents’ sensing coordinate frames. Moreover, given the avail-
able angle measurements and wireless communication among
the agents, the relative orientation from each agent’s local coor-
dinate frame to the global coordinate frame can be approximately
determined at the initial stage, which can be used to align agents’
local coordinate frames with the global coordinate frame. More
specifically, at the initial stage where all the agents are static,
by running the angle-only localization algorithm (8), agent i’s
estimated position p; will converge to its absolute position p;(0)
in the global coordinate frame ), at an exponential convergent
rate (assume that the agents’ initial configuration is localizable).
Then, by communicating with agent k € Aj;, agent i knows the
estimated relative position py = pr — p; which exponentially
converges to pi(0). At the same time, if agent i can measure the
relative bearing bgk with respect to agent k in its local coordinate
frame ), then the relative orientation Rf(@) € SO(2) from
> to Zg can be approximately determined by using the fact

Pi(0)/ (Ol = bix(0) ~ by = Bl = RE(O)b],.

6.4. Collision avoidance

Now, we relax Assumption 1 by constraining agents’ initial
states. Suppose that the initial formation is close to the target
formation. For any two agents i,j € V in Section 3, one has
pi(£)—pi() = pi(t) =P} — (py(t)— P})+ P} — P} According to Zhao
et al. (2019, Eq. (16)), one has

Ipi(t) — pi(OIl = llp; = p; Il — lIpi(t) — pill — lIpi(t) — p; |

> lIpi = pjll = /e lY (Ol (57)

11
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We consider the evolution of (20) is from t = 0, which can be
fulfilled by running (12) for more than T; seconds at the initial
stage.

Corollary 1. Suppose that y is the desired minimum separation
between any two agents during the formation evolution of (20)
and satisfies 0 < y < minjey [Ipf — p;*ll. IfIYOO)l < e =

i= (mingjey I} — P} Il — ¥), then |pi(t) — p(t)ll > y, for all

N
0.

f
>

-

Proof. For t 0, substituting the condition on y into (57)
yields |Ip;(0) — p;(0)]l = ¥ > 0 which implies no collision among
agents at the initial time. Suppose the first case that no collision
occurs among agents for t > 0. Since V,(t) < 0 as shown in
(25), according to (57), one has |pi(t) — p(t)l = lp; — bl —
JTFIY(0) = y. Suppose the second case that there exists a
collision at t = T4 between agents i and j during the evolution.
Then, there must exist an escape time Ts > 0 such that 0 < Ts <
T, , IIY(T5)ll = e and V,(Ts) > 0. This contradicts with the fact
Vyo(t) < 0 for t € [0, T, 1. As a result, ||pi(t) — p;j(t)ll = y holds
Vi >0. O

The above conclusion also holds for Section 3.4, and Sec-
tion 5.3 if one replaces p; — pjf" with p}(t) — p;.“(t) in (57).

6.5. Collinearity avoidance

In Theorem 2. (iii), the asymptotic stability is obtained if no
collinearity among neighboring agents occurs. Now, we aim to
avoid collinearity by constraining agents’ initial states. Note that

pi(t) — pi(0) = pi(t) — p;i — (pi(0) — p;) (58)

Considering the evolution of (20) also from t = 0, if there is no
collision YVt > 0 (can be guaranteed by Corollary 1), (20) has a
solution. Then, one has

Ipi(t) — pi(O)Il < lIpi(0) — p Il + lIpi(t) — Pyl
< Ipi0) = pi 1l + /1 lIps (I < 11pi(0) — pifll + /A (Y ()]
< |Ipi(0) = pi Il + /1 IIY(0)]|

where we have used the facts that Vz(t) < 0 and ||Y(t)|| is non-
increasing. Then, each agent i’'s movement from t 0 to 400
is within the circular region R; = {p; € R?| ||pi — pi(0)|| <
lpi(0) — pill + /7rllY(0)]l}. Now, we discuss the collinearity
issue within Afjk, (i,j,k) € A. To get a sufficient condition
guaranteeing no collinearity among i, j, k, we first draw the region
Ry that pi(t)p;(t) will cover, where we require R; N R; = ¢
(otherwise a collinearity already occurs). As shown in Fig. 3, for
two circular regions R;, Rj, we can draw two external tangent

(59)

H ﬁ I : H SIS SIS
lines i’j/, i"j”, and also two internal tangent lines i"’j”", i""j"".

Denote by I, Is, J1, J3 the intersections cghese four tangent lines.
Denote by I, a point that lies in the ray J3[; but I, ¢ J5I;. The same
definition applies for I4, J», J4, see Fig. 3. Then, R;; represents the
open region between the border J,J;11I; and the border J4J3151,. It
can be verified that if R; N Ry = @, then three arbitrary points
lying in these three circular regions R;, R;, Ry, respectively, will
not be collinear, i.e., no collinearity will occur among i, j, k. Using
similar definitions, if ®; N R; = ¥ and R; N Ry = ¥ holds
for every (i,j,k) € A, then no collinearity will occur among
all the neighboring agents. Combining the collision analysis in
Section 6.4 and the collinearity analysis in this section, the set
U mentioned in the proof of Thgor*em 2. (ii) can be described by
U= (OIvol = UL R0 Ry = 0,7y N Re =
#,v(,j, k) € A}, where R;, Rj, Rk, Ryj are functions of Y(0) and
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Fig. 3. Geometric interpretation for collinearity avoidance.

min; jey I} —p; |
215

is proportional to ||Y(0)|| according to (59), the above described

U is indeed a small neighborhood of the equilibrium Y = 0.

we selected y = . Since the radius of R;, R; and Ry

7. Simulation examples

This section presents four simulation examples to validate
Theorems 2, 3, 5, 7 respectively. The multi-agent network is
shown in Fig. 4, which contains 6 triangles: A234, A346, A467,
A457, A578, A167. Note that the two leaders are non-
neighboring, which is designed in this way to demonstrate the
advantages of the SLAF algorithms over sequential formations
or localization algorithms which require leaders to be neighbors
to one another (Chen et al, 2021; Jing et al, 2021). The ini-
tial positions of the agents are: p;(0) = [0.5; —4.1], p2(0) =
[—2.3;6.1], p3(0) = [—18.84; —11.04], p4(0) = [—15.6; —13.2],
ps(0) = [—12.84; —12.6], ps(0) = [—18; —13.92], p;(0) =
[—14.88; —12.48], pg(0) = [—15.36; —11.28]. For the case of
static leaders, the followers’ desired positions are p5 = [—4.2; 1.3],

p, = [-0.4;15],p = [0.8;1.3], pf = [-2.1;0.2], p5 =
[0.1; —0.1], ps = [2.3; 0.1]. The initial estimates ps(0) = 1.5p(0),
and k; = k; = 10. The video showing dynamical formation

trajectories of these four cases is uploaded to https://youtu.be/
r5PbTUJ7UzE.

7.1. Case 1: SLAF when leaders are static

Under the SLAF law (16)-(17), Figs. 5-6 show the formation
errors and trajectories where a collinearity occurs. Note that if the
initial formation is close to the desired formation, no collinearity
usually will occur. To show possibilities of collinearity at the
evolution of the formation, the initial formation is far away from
the desired formation in this case.

7.2. Case 2: Perturbation-based SLAF when leaders are static

Under the SLAF law (31)-(32), Figs. 7-8 show the formation
errors and trajectories where the collinearity is avoided and the
perturbation in the control law is chosen as §; = [0.5 cos(2007xt);
0.55sin(200xrt)],i = 3, ..., 8. Due to the convergence of the angle
errors, the effect of the added perturbation on the convergence of
formation errors is limited.

12
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Fig. 8. Formation trajectories in Case 2.
Fig. 10. Formation trajectories in Case 3.

7.3. Case 3: SLAF when leaders move with constant velocity

Under the SLAF law (40)-(41), the formation errors and tra-
jectories are given in Figs. 9-10, where the desired formation
is achieved and the formation finally translates at the desired
velocity. Note that the convergence speed in this case is not very
fast. This is because the desired moving velocity is unknown for
all the followers and they can only use the integration term in the
control law (41) to compensate for the formation errors, which
usually costs some time.

----i=t |
i=3
7.4. Case 4: SLAF when leaders move with time-varying velocity ; mooois5 |
b -7
1)” |=9 4
First, we simulate the SLAF algorithm (51)-(52) without per- M =11
turbation, i.e., letting ug,, = 0. The formation errors and trajec- -16 : :
tories are given in Figs. 11 and 13, in which a collinearity occurs. 0 500 1000 1500
Then, we simulate (51)-(52) with perturbation term, i.e., tg,x 7 0. t/s

The formation errors and trajectories are given in Figs. 12 and 14,

in which the collinearity is avoided. Fig. 11. Formation errors in Case 4 under ug,y = 0.

13
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Fig. 14. Formation trajectories in Case 4 with ug,x # 0.

8. Conclusion and future work

This paper has proposed SLAF algorithms for 2D multi-agent
systems where the followers achieve a desired formation un-
der the condition that they only have angle measurements and
communication with their neighbors. Three SLAF algorithms have
been proposed when the leaders are static, moving with constant

14
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velocities, and moving with time-varying velocities, respectively.
To handle the situation where some agents are collinear such that
the multi-agent system becomes unlocalizable during evolution,
a perturbation-based algorithm has been proposed to achieve the
SLAF task with an asymptotic convergence.

To make the proposed SLAF algorithms more applicable to
engineering practices, there is still a wide range of problems
worthy of further investigation. We have special interests in two
of them. The first is the extension of this work to 3D scenario such
that the SLAF algorithms are applicable for a swarm of drones.
The main challenge is to establish a new angle-induced linear
equation in 3D since Eq. (2) cannot be used directly in 3D. The
other is on sensor measurement noises, such as explicit analysis
of the effect of stochastic noises, and the methods to mitigate the
negative effect of noises.
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