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An analytical model for solute advection and dispersion in a two-layered liner consisting of a geosynthetic
clay liner (GCL) and a soil liner (SL) considering the effect of biodegradation was proposed. The analytical
solution was derived by Laplace transformation and was validated over a range of parameters using the
finite-layer method based software Pollute v7.0. Results show that if the half-life of the solute in GCL is larger
than 1 year, the degradation in GCL can be neglected for solute transport in GCL/SL. When the half-life of GCL
is less than 1 year, neglecting the effect of degradation in GCL on solute migration will result in a large differ-
ence of relative base concentration of GCL/SL (e.g., 32% for the case with half-life of 0.01 year). The 100-year
solute base concentration can be reduced by a factor of 2.2 when the hydraulic conductivity of the SL was
reduced by an order of magnitude. The 100-year base concentration was reduced by a factor of 155 when
the half life of the contaminant in the SL was reduced by an order of magnitude. The effect of degradation
is more important in approving the groundwater protection level than the hydraulic conductivity. The
analytical solution can be used for experimental data fitting, verification of complicated numerical models
and preliminary design of landfill liner systems.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

Waste disposal sites are commonly lined with a combination of
different liner materials to protect underlying groundwater resources
from landfills (Barroso et al., 2006; Guyonnet et al., 2009; Southen
and Rowe, 2007; Turan and Ergun, 2009; Varank et al., 2011).
Geosynthetic clay liners (GCL) are commonly used to reduce the hy-
draulic flux through liner systems because of their low permeability
and low price (Qian et al., 2001; Shan and Lai, 2002). Many landfill
designers now consider GCLs to be utilized as a replacement for
compacted clay liners. This may be that a clay present at the proposed
landfill site has a marginal hydraulic conductivity and the cost of
Water Resources Engineering,
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improving the hydraulic conductivity by adopting a lower hydraulic
conductivity clay from another site or utilizing a sand-bentonite
liner system makes the liner system uneconomic relative to a GCL
based liner system (Bouazza and Bowders, 2010). GCLs are generally
combined with a soil liner (SL) in many landfills since the GCL is very
thin and the adsorption capacity of it is very limited (Foose, 2010;
Guyonnet et al., 2001; Koerner, 2008). The Chinese landfill specifica-
tion (MCC, Ministry of Construction of China, 2007) also includes a
provision that a SL of certain thickness should be added beneath
GCL for landfill liner system. Mathematical model should be devel-
oped to evaluate the effectiveness of the GCL based liner systems.

Rowe and Booker (2004) developed the finite layer based software
Pollute v 7.0 to simulate one dimensional contaminant transport in
layered liner systems. Zhang et al. (2012) investigated contaminant
transport in the landfill liner systems using the finite elementmethod.
Though many mathematical models must be numerically solved,
analytical solutions are still pursued by many scientists because they

http://crossmark.dyndns.org/dialog/?doi=10.1016/j.scitotenv.2013.07.028&domain=pdf
http://dx.doi.org/10.1016/j.scitotenv.2013.07.028
mailto:xiehaijian@zju.edu.cn
http://dx.doi.org/10.1016/j.scitotenv.2013.07.028
http://www.sciencedirect.com/science/journal/00489697


Nomenclature

KGCL hydraulic conductivity of GCL, m s−1

DGCL diffusion coefficient of GCL, m2 s−1

KSL hydraulic conductivity of SL, m s−1

DSL diffusion coefficient of SL, m2 s−1

LGCL thickness of GCL, m
λGCL decay rate constant of GCL, s−1

LSL thickness of SL, m
λSL decay rate constant of SL, s−1

Rd retardation factor
t1/2 half-life, year
vGCL seepage velocity of GCL, m s−1

vd Darcy velocity of system, m s−1

vSL seepage velocity of SL, m s−1

C0 initial concentration constant, mg L−1

hw leachate head, m
Cb base concentration, mg L−1

nGCL porosity of GCL
nSL porosity of SL
Jb base flux, g ha−1 year−1

ρb dry density of soil, g cm−3

Dm,GCL mechanical dispersion coefficient of GCL, m2 s−1

Dm,SL mechanical dispersion coefficient of SL, m2 s−1

LGCL

Leachate Head hw

GCL, (CGCL, DGCL, vGCL,λGCL) 

LSL

SL, (CSL, DSL, vSL, RSL, λSL)

0 

Fig. 1. Scheme of mathematical model of organic contaminant transport through GCL/SL
system.
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can provide better physical insights into the problems (Park and Zhan,
2001). Analytical solutions are the basic design tools for preliminary
design of the composite liners although they may involve simplified
assumptions (Cleall and Li, 2011; Foose, 2002). Analytical solutions
are also used to better understand the mechanism of contaminant
migration, predict and measure the parameters related to solute
transport, and verify the results of numerical modeling (Park and
Zhan, 2001). Furthermore, the level of numerical sophistication often
greatly exceeds the sophistication of the available data (especially at
the site selection and preliminary design stages). Under these circum-
stances, the cost (in terms of man hours) of a detailed numerical
analysis (with the necessary checks on discretization error) may not
be justifiable, and simplified analytical methods provide an economi-
cal and efficient alternative to the numerical models in many ways
(Rowe and Nadarajah, 1997; Xie et al., 2011a).

Liu and Ball (1998) presented the analytical solution for solute
diffusion in a semi-infinite two-layer porous media using the Green's
function approach. Foose et al. (2001) has developed an analytical
solution for diffusive transport of contaminant through composite
liners. Chen et al. (2009) and Xie et al. (2013) have provided the
analytical solutions for contaminant diffusion through semi-infinite
and finite multi-layered composite liners. Analytical solutions for
contaminant diffusion through layered porous media have been
developed under various boundary conditions (Li and Cleall, 2010).
These models focus on the diffusion and reaction of contaminant
transport and cannot consider the effect of advection caused by
hydraulic gradient. However, leachate mound as well as leachate gen-
eration rate is quite high in the Asia countries (e.g., China) because
thousands of open dumps or uncontrolled landfills in Asia are gener-
ally lacking effective water management and leachate control (Xie et
al., 2009). In some developing countries, such as China, the leachate
head generated in the landfill tends to be very high (e.g., the leachate
head exceeds 10 m in Qizishan landfill in China) (Xie et al., 2010). A
high leachate level up to 15 mwas also measured in the Kimpo metro-
politan landfill in Korea, in which a field monitoring program lasting
three years was carried out (Jang et al., 2002). The effect of advection
is important in predicting contaminant migration through composite
liners in such landfills. Analytical solutions for one-dimensional solute
advection and dispersion inmulti-layeredmedia are available in the lit-
erature (Li and Cleall, 2011; Liu et al., 1998; Xie et al., 2011b). However,
the biodegradation effect on contaminant advection and diffusion
through layered porous media was not considered in the literature
works.

Biodegradation is one of the governing processes for deciding the
mobility and persistence of organic contaminants in soils and landfill
liners (Bright et al., 2000; Davis et al., 2009; Kim et al., 2001; Rowe et
al., 1997; Xu et al., 2009). Biodegradation is an oxidation–reduction
reaction mediated by microorganism (Sharma and Reddy, 2004). In
general, an organic compound is oxidized (loses electrons) by an
electron acceptor, which is reduced (gains electrons). This can occur
in the two ways, i.e., the aerobic biodegradation and the anaerobic
degradation. Aerobic biodegradation occurs under aerobic or oxic envi-
ronmental conditions in which oxygen, when present, commonly acts
as the electron acceptor. The latter occurs under anaerobic or anoxic
conditions. Microorganisms can use organic chemicals or inorganic
anions as alternative electron acceptors (Sharma and Reddy, 2004).

Wiedemeier et al. (1999) and Beyer et al. (2007) indicated that
the most frequently used degradation model is first-order kinetics
due to its mathematical simplicity, its easy implementation into
transport models, and the necessity of determining only a single pa-
rameter. To the authors' knowledge, no analytical solution to solute
advection–dispersion transport through a GCL/SL system with the
effect of degradation is available in the literature. The main purpose
of this paper is to develop an analytical model for one-dimensional
solute transport through GCL/SL with the effect of degradation. Solute
transport through GCL was assumed to be a steady state process.
First-order degradation was assumed for both GCL and SL. Continuity
of concentration and flux between GCL and SL was obeyed. Laplace
transformation was used to obtain the analytical solution. The pro-
posed analytical solution was verified by the commercial solute trans-
port software. The proposed solution can be used for prediction of
solute transport through GCL/SL and preliminary design of GCL/SL
liner systems.

2. Mathematical Model

2.1. Model Development

The concentration of contaminant in landfill leachate is assumed
to be a constant C0. The liner system is composed of two individual
horizontal layers of GCL and SL. LGCL and LSL is the thickness of GCL
and SL, respectively (see Fig. 1). The mathematical model was devel-
oped mainly on the basis of the following assumptions:

(1) GCL and SL are both saturated and homogeneous.
(2) Contaminant migration is one-dimensional along the direction

perpendicular to the plane layers of GCL and SL down (z).
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(3) Adsorption is a linear and equilibrium process.
(4) Degradation in GCL and SL is a first-order process.

2.2. Governing Equations

Solute transport in GCL can be regarded as a steady state process be-
cause the layer of GCL is very thin (about 10 mm) compared to the at-
tenuation layer (over 1 m). The governing equation for steady-state
solute transport through GCL can be written as

DGCL
d2CGCL

dz2
−vGCL

dCGCL

dz
−λGCLCGCL ¼ 0 ð1Þ

where CGCL is the pore-water solute concentration of GCL; vGCL is the
seepage velocity of GCL; λGCL is the decay constant of the solute in GCL
and DGCL is the hydrodynamic dispersion of GCL, which can be deter-
mined by

DGCL ¼ DGCL
� þ Dm;GCL ð2Þ

where DGCL
⁎ is the effective diffusion coefficient of GCL; Dm,GCL is the

mechanical dispersion coefficient of GCL and can be described by the re-
lation between advective velocity and dispersivity (Rowe et al., 2004).
Schulze-Makuch (2005) indicated that dispersivity increases with
scale of measurement due to a combination of advection and diffusion-
related processes. The mechanical dispersion coefficient of GCL can be
calculated by (Guyonnet et al., 2001)

Dm;GCL ¼
LGCL
10

vGCL ð3Þ

The decay constant is the rate at which the contaminant concen-
tration decreases because of biodegradation. The decay constant
λGCL can be a function of t1/2 for a first-order process (Mitchell and
Santamarina, 2005)

λGCL ¼ ln2=t1=2;GCL ð4Þ

where t1/2,GCL is the half-life of the contaminant in GCL.
The surface boundary condition of the liner system is assumed to

be

CGCL 0ð Þ ¼ C0 ð5Þ

where C0 is the initial concentration of contaminant.
The continuous conditions between GCL and SL can be expressed

as (Rowe and Badv, 1996; Peters and Smith, 2001)

CGCL LGCLð Þ ¼ CSL LGCL; tð Þ ð6Þ

nGCLDGCL
dCGCL LGCLð Þ

dz
¼ nSLDSL

∂CSL LGCL; tð Þ
∂z ð7Þ

nGCLvGCL ¼ nSLvSL ¼ vd ð8Þ

where nGCL is the porosity of GCL; nSL is the porosity of the soil liner;
and vd is the Darcy velocity of the double liner system and can be
determined by

vd ¼ hw þ L
L

� K ð9Þ
where L is the thickness of the GCL/SL liner system; K is the hydraulic
conductivity of the system, which can be determined by the harmonic
mean of the hydraulic conductivities of GCL and SL (Giroud et al.,
1997)

K ¼ LGCL þ LSL
LGCL
KGCL

þ LSL
KSL

ð10Þ

where KGCL and KSL is the hydraulic conductivity of GCL and SL,
respectively.

The governing equation for solute transport through the soil liner
is

∂CSL z; tð Þ
∂t ¼ DSL

Rd

∂2CSL z; tð Þ
∂z2

− vSL
Rd

∂CSL z; tð Þ
∂z −λSLCSL z; tð Þ ð11Þ

where CSL (z, t) is pore-water concentration of the solute in SL at any
position z and any time t; vSL is the seepage velocity of SL; Rd is the
retardation factor of SL; λSL is the decay rate constant of SL and DSL

is the hydrodynamic dispersion coefficient of SL.
The hydrodynamic dispersion coefficient DSL is determined from

DSL ¼ DSL
� þ Dm;SL ð12Þ

where DSL
⁎ is the effective diffusion coefficient of the soil liner; and

Dm,SL is the mechanical dispersion coefficient of SL, which can be
calculated by (Gelhar et al., 1992)

Dm;SL ¼
LSL
10

vSL ð13Þ

The retardation factor Rd can be determined by

Rd ¼ 1þ ρbKd

nSL
ð14Þ

where ρb is the dry density of the soil; and Kd is the distribution coef-
ficient of the SL.

The decay constant λSL can be a function of t1/2 for a first-order
biodegradation process (Mitchell and Santamarina, 2005):

λSL ¼ ln2=t1=2 ;SL ð15Þ

where t1/2, SL is the half-life of the solute of interest in the SL.
The bottom boundary condition is assumed to be semi-infinite,

that is

∂CSL ∞; tð Þ
∂z ¼ 0 ð16Þ

The background concentration of solute in the SL is assumed
to be zero, and the initial condition for the governing equation
Eq. (11) is

CSL z;0ð Þ ¼ 0 ð17Þ
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3. Derivation of the Analytical Solutions
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The solution for the governing equation Eq. (1) satisfying the boundary conditions [Eqs. (5) and (6)] can be expressed as (EGMH, Editor
Group of the Mathematical Handbook, 1979)

CGCL zð Þ ¼ Ae
vGCL−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p
2DGCL

z þ Be
vGCLþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p
2DGCL

z ð18Þ

where A and B are parameters to be determined. Substituting Eq. (18) into Eqs. (5) and (6) results in

A ¼ −1
2
e−

LGCLvGCL
2DGCL CSL LGCL; tð Þ−C0e

LGCL vGCLþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p� �
2DGCL

2
4

3
5Csch LGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
2DGCL

0
@

1
A 19að Þ

B ¼ −C0 þ CSL LGCL; tð Þe
LGCL −vGCLþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p� �
2DGCL

2
4

3
5= −1þ e

LGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p
DGCL

 !
19bð Þ

8>>>>>><
>>>>>>:

ð19Þ

Substituting Eqs. (18) and (19) into Eq. (7) yields the following relationship

CSL LGCL; tð Þ ¼ χ1 þ χ2
∂CSL LGCL; tð Þ

∂z ð20Þ

where

χ1 ¼
C0e

LGCLvGCL
2DGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
Cosh

LGCL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
2DGCL

2
4

3
5þ vGCL Sinh

LGCL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
2DGCL

2
4

3
5

21að Þ

χ2 ¼ 2DSLnSL

nGCLvGCL þ nGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
Coth

LGCL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
2DGCL

2
4

3
5

21bð Þ

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

The time-dependent governing Eq. (11) can be linearized by the method of Laplace transformation (Carslaw and Jaeger, 1959)

CSL z; sð Þ ¼ ∫∞
0
e−stCSL z; tð Þdt ð22Þ

where s is the Laplace parameter and CSL z; sð Þ is the Laplace transformation of CSL(z,t). Eq. (11) can then be transformed to

sCSL z; sð Þ ¼ DSL

Rd

∂2CSL z; sð Þ
∂z2

− vSL
Rd

∂CSL z; sð Þ
∂z −λSLCSL z; sð Þ ð23Þ

The Laplace transformation of the boundary condition Eq. (20) can be written as

CSL LGCL; sð Þ ¼ χ1

s
þ χ2

∂CSL LGCL; sð Þ
∂z ð24Þ

The general solution to Eq. (23) can be expressed as

CSL z; sð Þ ¼ η1e
γ1z þ η2e

γ2z ð25Þ

where η1 and η2 are constants, which can be determined by the boundary conditions. The expressions of the eigenvalues γ1 and γ2 are as follows:

γ1 ¼ vSL
2DSL

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vSL
2DSL

� �2
þ sþ λSLð ÞRd

DSL

s
26að Þ

γ2 ¼ vAL
2DSL

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vSL
2DSL

� �2
þ sþ λSLð ÞRd

DSL

s
26bð Þ

8>>>><
>>>>:

For problems involving the half-space (z N 0), the concentration must remain bounded for large values of z, thus the coefficient η1 must
vanish. This means that Eq. (25) should be written as

CSL z; sð Þ ¼ η1e
γ1z þ η2e

γ2z ¼ η2e
γ2z ð27Þ
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Substituting Eq. (27) into Eq. (20) results in

η2 ¼ 2C0e
LGCL vGCL−2DGCLλGCLþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p� �
2DGCL

s
vGCL vSL−2DSLγ2ð Þ

vSL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q e
LGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p
DGCL −1

 !
þ e

LGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p
DGCL þ 1

 !2
64

3
75

ð28Þ

Substituting Eqs. (27) and (28) into Eq. (25), the general solution to Eq. (25) can be expressed as

CSL z; sð Þ ¼
2C0nGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
e
DSLLGCL vGCLþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p� �
þDGCL LGCL−zð Þ −vSLþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vSL

2þ4DSLRd sþλSLð Þ
p� �

2DGCLDSL

s −1þ e
LGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p
DGCL

 !
nGCLvGCL þ nSL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vSL

2 þ 4DSLRd sþ λSLð Þ
q	 


þ nGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2 þ 4DGCLλGCL

q
1þ e

LGCL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vGCL

2þ4DGCLλGCL

p
DGCL

 !( ) ð29Þ

The inverse Laplace transformation of CSL s; zð Þ can be obtained using Eq. (31) in Appendix A in Carslaw and Jaeger (1959):

CSL z; tð Þ
C0

¼ α 1þ 4εð Þe
βþγ−

ffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p
2

4 2T
0 þ α þ 2αε−2 T

0−αε
� �

Cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 4β2ε

ph in o
e
−1

2

ffiffiffiffiffiffiffiffiffiffiffi
γ2þ4T

0
T

q
G1 þ e

ffiffiffiffiffiffiffiffiffiffiffi
γ2þ4T

0
T

q
G2

0
@

1
A−2 1þ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p� �
�

e
1
4Csch

ffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p
2

� �2

2T
0 þαþ2Tω−2 T

0
−Tω

� �
Coth

ffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p
2

� �
þ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2þ4ω

p
þSinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p� �� �

�erfc 1=
ffiffiffi
T

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α þωT

p
Coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 4β2ε

q
=2

� �� �.
2

	 


0
BBBBBBBBB@

1
CCCCCCCCCA

ð30Þ

where the expressions of the parameters G1 and G2 are as follows:

G1 ¼ 1þ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p� �
− −1þ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α þ 4T ′
α þ 4αε

s8<
:

9=
;� erfc

1
2
ffiffiffi
T

p −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α
4
þ T ′

r� �
31að Þ

G2 ¼ 1þ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p� �
þ −1þ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ4β2ε

p� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α þ 4T ′
α þ 4αε

s8<
:

9=
;� erfc

1
2
ffiffiffi
T

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α
4
þ T ′

r� �
31bð Þ

8>>>>>><
>>>>>>:

ð31Þ

The dimensionless parameters in Eq.(30) are determined as follows:

T ¼ DSLt
Rdz

2 32að Þ
T′ ¼ tλSL 32bð Þ

a ¼ tvSl
2

DSLRd
32cð Þ

β ¼ LGCLvGCL
DGCL

32dð Þ

γ ¼ zvSL
DSL

32eð Þ

ξ ¼ nSLvSL
2t

DSLRd
32 fð Þ

ε ¼ DGCLλGCL

v2GCL
32gð Þ

ω ¼ ngcl
2DGCLλGCLz

2

nSL
2DSL

2 32hð Þ

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð32Þ

The complementary error function erfc(x) can be calculated by

erfc xð Þ ¼ 1−erf xð Þ ¼ 1− 2ffiffiffi
π

p ∫x

0
e−t2dt ð33Þ
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When the effect of degradation in GCL is not considered, i.e., λGCL = 0, the solution to the governing equation will be reduced to

CSL z; tð Þ
C0

¼ αe
β−1

4α−T
0 þγ

2−
ffiffiffiffiffiffiffiffiffiffiffi
1
4γ

2þT
0
T

q
4 T

0
eβ−1
� �2−eβα

h i
e
α
4þT

0
−1−eβ þ eβ−1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4T

0

α

s2
4

3
5erfc 1

2
ffiffiffi
T

p −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α
4
þ T

0
r� �

−e

ffiffiffiffiffiffiffiffiffiffiffi
γ2þ4T

0
T

q
1þ eβ þ eβ−1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4T

0

α

s2
4

3
5erfc 1

2
ffiffiffi
T

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α
4
þ T

0
r� �

0
BBBBBBB@

1
CCCCCCCA

þ2e

ffiffiffiffiffiffiffiffiffi
γ2

4 þT
0
T

q
þCoth β

2ð Þ γ
2þα

4Coth
β
2ð Þ½ � 1þ eβ
� �

erfc
1

2
ffiffiffi
T

p þ
ffiffiffiffi
α

p
2

Coth
β
2
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4. Results and Discussion

A homogeneous geosynthetic clay liner (LGCL = 0.0138 m) and a
soil liner (LSL = 5 m) were chosen in the following analysis. Benzene
was chosen to represent the contaminant in landfill leachate. The
parameters of the geosynthetic clay liner (GCL) and the soil liner were
taken directly from Rowe et al. (2004). The values of the parameters
are given in Table 1.

The half life of the organic contaminant in the clayey soils was report-
ed by the literature works (Bright et al., 2000; Hrapovic and Rowe, 2002;
Kimet al., 2001; Lesage et al., 1993; Rowe et al., 1997). Bright et al. (2000)
investigated the biodegradtion of leachate organic contaminats (BTEX,
aromatic hydrocarbons, pesticides, chloro-aromatic and -aliphatic com-
pounds) in the clay liners and the half-life of the organic contaminant
fall in the range of 4–112 days. Rowe et al. (1997) and Hrapovic and
Rowe (2002) indicated that therewas a time lag for organic contaminant
biodegradation in the compacted clay. The organic contaminants had a
quite short half-life after this stage. The half life of dichloromethane
(DCM) in the top soil samples (20–30 cm) was reported to be in the
range of 20–55 days (Rowe et al., 1997). The volatile fatty acids (VFAs)
in the top soils were characterized by a short life of 0.75–5 days
(Hrapovic and Rowe, 2002). Kim et al.(2001) investigated volatile organ-
ic compounds (VOCs) diffusion and biodegradation in the compacted
clay soils using the column tests. The estimated half-lives in their
study ranged from about 2 to 116 days. Of the seven VOCs tested,
1,1,1-trichloroethane, m-xylene, trichloroethylene, ethylbenzene, chlo-
roform, toluene, and methylene chloride degraded in descending order
and roughly in order of decreasing molecular weight. It is recognized
that field conditions in the real landfill and field compacted clay liner
will be more adverse than simulated in these laboratory experiments
due to the heterogeneities of the large scale system and limited means
of controlling the inputs (Hrapovic and Rowe, 2002). The presence of
the waste fill and the confining stress it exerts to the compacted clay
liner will impose additional limitations to the already nonoptimized
degradation. Therefore, degradation of the organic contaminants in
compacted clay liners and confining deposits is expected to be slower
than in the laboratory experiments reported by the literature.

4.1. Comparison with Pollute v7

The parameters for benzene transport in the GCL/SL system were
the same as those presented in Table 1. Three leachate head values,
Table 1
Values of the parameters of GCL and SL for comparisons with POLLUTE v7.0.

Parameter GCL SL

Thickness (L/m) 0.0138 5
Porosity (n) 0.86 0.4
Diffusion coefficient (D⁎/m2 s−1) 3.6 × 10−10 8.9 × 10−10

Dry density (ρb/g cm−3) – 1.62
Distribution coefficient (Kd/mL g−1) – 0.28
i.e., 0.3 m, 3 m and 10 m were used. The half-lives of contaminants
in GCL and SL were assumed to be 10 years in this case. The initial
concentration of contaminant in the leachate was assumed to be
1 mg/L, i.e., C0 = 1 mg/L. The simulations were performed to verify
that the proposed approach yields the correct results. The finite layer
method based contaminant transport software, Pollute v7 (Rowe and
Booker, 2004), was adopted for the comparisons. It is indicated that
the results obtained by the proposed analytical solution agree well
with those obtained by Pollute v7 (see Fig. 2).

4.2. Influence of Degradation in GCL

The effect of degradation in GCL on solute breakthrough curves of
the GCL/SL was shown in Fig. 3. Contaminant degradation in the SL is
ignored in this case. The half-life of the contaminant in the GCL was
assumed to be 0.01, 0.1 and 1 year in the cases considering the effect
of degradation in the GCL. Two cases of leachate head, i.e., hw=0.3 m
and hw = 3 m were adopted. If the half-life in the GCL is assumed to
be 1 year, there is negligible difference between the results assuming
no degradation and those considering degradation in the GCL
(see Fig. 3). This may be due to the fact that the GCL is sufficiently thin
(e.g., 1 cm) and the organic contaminant cannot be degraded in time
when the half life of the contaminant is relatively high (e.g., ≥1 year).
However, the steady state relative base concentration with t1/2,GCL =
0.01 year can be about 1.5 times less than that assuming t1/2,GCL =
1 year. Therefore, neglecting the effect of degradation in GCL when the
half-life of contaminant in GCL is less than 1 yearwill result in a relative-
ly large difference of relative base concentration.

The effect of the contaminant half-life in the GCL on contaminant con-
centration profiles in the soil linerwas also demonstrated (see Fig. 4). The
effect of degradation in SL was also ignored, and the leachate head was
assumed to be 3 m. It was shown that the concentration profiles assum-
ing different half-lives are similar in shape. At 5 years, the case with t1/2,
GCL = 0.01 year has a much less concentration than the case with t1/2,
GCL = 1 year. The concentration at the top of the soil liner for the case
with t1/2, GCL = 0.01 year is about 70% of that with t1/2, GCL = 1 year.
These results also indicate that the effect of degradation is more signifi-
cantwhen the half-life of the contaminant inGCL is short (e.g.,b0.1 year).

4.3. Parametric Studies

The casewith KGCL = 5 × 10−11 m s−1 and KSL = 1 × 10−7 m s−1,
as detailed in the China specification (MCC, Ministry of Construction of
China, 2007) was chosen as the reference case. Five scenarios were
used to assess the sensitivity of hydraulic conductivity and degradation
on solute migration in the GCL/SL (see Table 2). Scenarios 1, 2 and 5 are
considered to investigate the influence of degradation on the break-
through curves. Scenarios 3 and 4 are designed for investigating the
effect of hydraulic conductivity. Two different leachate heads were
applied on top of the composite liner, i.e. hw = 0.3 m (Fig. 5) and
hw = 10 m (Fig. 6). The lower one represents the maximum allowable
leachate head above GCL specified in USA regulations (USEPA, United
States Environmental Protection Agency., 1993). The greater one might
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be attributed to inappropriate operation of leachate collection systems.
It does exist in landfills lacking effective water management (Jang
et al., 2002; Xie et al., 2009; Xie et al., 2010).

Breakthrough time is defined as the time required for the concen-
tration of a solute, e.g., benzene, to reach the breakthrough concen-
tration at the bottom of the liner system (Acar and Haider, 1990) in
this case. The breakthrough concentration for benzene is 0.005 mg/L
on the basis of the drinking water standard of (USEPA, United States
Environmental Protection Agency, 2001). As shown in Fig. 5, the
breakthrough time is about 7 years for benzene when degradation in
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breakthrough curves of GCL/SL than that of SL (Fig. 5). Benzene
concentration at the base of GCL/SL at 100 years for scenario 3 is
19 times less than that of scenario 4. At 100 years, benzene flux at
the bottom of the liner system of scenario 3 is about 59 times less
than that of scenario 4. Therefore, it is of great importance to keep
the hydraulic conductivity of GCL relatively low (e.g., less than
1 × 10−12 m s−1). This result is similar to that obtained by Reddy
and Adams (2000) that the reduced hydraulic conductivity results
in reduced contaminant migration.

The results also show that leachate head has a great influence on
the performance of the liner system. Increasing the leachate head
from 0.3 m to 10 m decreases the breakthrough time from about
7 years to 4 years for scenario 1. This may be mainly due to the
increased seepage velocity caused by the increased leachate head.
Under the leachate head of 10 m, the variation of the hydraulic con-
ductivity of GCL (scenario 3) also has greater influence than that of
the SL (scenario 4) on contaminant migration. The evaluated results
of contaminant breakthrough time, the maximum base concentration
and the maximum base flux for scenarios 3 and 5 are shown in
Table 3. For scenario 3, the breakthrough time is 8 times larger than
that in scenario 1; the relative base concentration and the 40-year
bottom flux are about 6 and 56 times smaller than that of scenario
1, respectively. Similarly, the relative base concentration for scenario
5 is 8 times lower than that of scenario 1 and the 5-year bottom flux is
9 times lower than that of scenario 1.
Table 2
Values of the parameters of GCL and SL used in parametric studies.

Scenarios KGCL (m s−1) KS L(m s−1) t1/2, GCL (year) t1/2, SL (year)

1 5 × 10−11 1 × 10−7 ∞ ∞
2 5 × 10−11 1 × 10−7 10 10
3 5 × 10−12 1 × 10−7 10 10
4 5 × 10−11 1 × 10−8 10 10
5 5 × 10−11 1 × 10−7 ∞ 1
5. Limitations

The proposed analytical solution is dependent on the assump-
tions discussed in the section of model development and is not with-
out limitations. First, the proposed analytical solution is derived for a
constant concentration top boundary condition. However, the con-
centration in the leachate may be time-dependent due to changes
of the environmental conditions, such as rainfall and biodegradation
of the organic matter in the wastes. Another limitation of the pro-
posed analytical solution is that the effect of consolidation in com-
posite liners is not considered. This limitation is not critical for
solute transport through soil liners since sediment deformation
does not occur significantly (Rowe, 2005). Moreover, the proposed
analytical solution is developed to evaluate solute transport through
saturated soils. Although porous media are generally unsaturated,
the solution for saturated soils is the basis for further research on
solute transport in unsaturated soils. The adsorption process in the
SL is assumed to be a linear and equilibrium process. Nonlinear and
non-equilibrium behavior of adsorption cannot be considered in
the solution. However, assuming adsorption as a linear and equilibri-
um process is acceptable since the organic solute in the leachate
always has a relatively low concentration value (e.g., b10 mg/L)
(Rowe et al., 2004). Furthermore, considering the degradation as a
first-order process is another limitation. However, this degradation
model is the most frequently used mathematical model due to its
mathematical simplicity, its easy implementation into transport
models, and the necessity of determining only a single parameter
(Beyer et al., 2007).

6. Conclusions

The analytical model for solute transport in a semi-infinite, homo-
geneous GCL/SL system was developed. The advection–diffusion
equation combined with the effect of degradation was solved using
the method of Laplace transformation. The proposed analytical solu-
tion was verified with numerical solution. Particular attention was
paid to the influence of degradation and hydraulic conductivity on
solute migration under different leachate levels. For GCL/SL, five
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scenarios with different combinations of the parameters have been
investigated. It is indicated that leachate head and organic degrada-
tion in the SL have great influence on solute migration. The base con-
centration and flux decrease as the half-life of solute of interest
decreases. The base relative concentration reduced from 0.56 to 0.0036
when half-life of soil liner decreased from 10 years to 1 year. The effect
of degradation in GCL can be neglectedwhen the half-life of GCL is larger
than 1 year. Breakthrough curves of GCL/SL are more sensitive to varia-
tion in the hydraulic conductivity of GCL than to variation in the hydrau-
lic conductivity of SL. It is more efficient to shorten the half-life than to
reduce the hydraulic conductivity of soil liner in improving the perfor-
mance of GCL/SL liner system.
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Table 3
Calculated results of scenario 3 and 5 under hw = 0.3 m and 10 m.

Scenario Leachate
head (m)

Breakthrough
time (year)

Maximum relative
base concentration

Maximum base flux
(g ha−1 year−1)

3 0.3 50 0.014 9.6
10 17 0.18 308.6

5 0.3 7 0.0036 18.9
10 4 0.13 1910
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