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Abstract
A series of ferroelectric ceramic models with grain and grain-boundary structures

of different sizes are established via Voronoi tessellations. A phase-field model is

introduced to study the dielectric breakdown strength of these ferroelectric ceram-

ics. Afterward, the relation between the electric displacement and electric field

and the hysteresis loop are calculated using a finite element method based on a

classical and modified hyperbolic tangent model. The results indicate that as the

grain size decreases, the dielectric strength is enhanced, but the dielectric permit-

tivity is reduced. The discharge energy density and energy storage efficiency of

these ferroelectric ceramics extracted from the as-calculated hysteresis both

increase along with a decrease in their grain size at their breakdown points. How-

ever, under the same applied electric field, the ferroelectric ceramic with a smaller

grain size possesses a lower discharge energy density but a higher energy storage

efficiency. The results suggest that ferroelectric ceramics with smaller grain sizes

possess advantages for applications in energy storage devices.
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1 | INTRODUCTION

High-energy density, environmentally friendly, and low-
cost energy storage devices are in high demand due to
growing environmental problems and the rapid develop-
ment of renewable energy generation.1–3 Multilayer energy
storage ceramic capacitors (MLESCCs) are fabricated with
hundreds of thin dielectric layers arranged in parallel with
alternating interlayer metal electrodes. This structure leads
to a very high volumetric capacitance, and the MLESCCs
are suitable for surface-mount electronics with superior
mechanical and thermal properties.4 Therefore, MLESCCs
are considered one of the most promising candidates for
energy storage devices and other applications including

hybrid electric vehicles and kinetic energy weapons.5 Gen-
erally, the dielectric layers are fabricated with ferroelectric
ceramics of high dielectric permittivity, such as barium
titanate (BaTiO3), to achieve a high capacitance. The com-
mercially available MLESCCs use dielectric layers with
thicknesses ~1 lm or less.6,7 Accordingly, the grain size of
these ferroelectric ceramics should be approximately 50-
150 nm to meet the temperature stability requirement and
to maintain reliable performance.8,9 However, the dielectric
and energy storage properties are highly correlated with
the grain size of these ferroelectric ceramics, which has
attracted the attention of numerous researchers. In theory,
the energy density (J) of an MLESCC can be calculated
by
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J ¼
ZDmax

0

EdD, (1)

where E, D, and Dmax are the electric field, the electric dis-
placement, and the maximum electric displacement at
breakdown, respectively. If we assume a constant dielectric
permittivity ɛ, then

J ¼ 1
2
eE2. (2)

It is clear that the dielectric permittivity and breakdown
strength are 2 major factors that determine the energy den-
sity of the MLESCC. The grain-size–dependent dielectric
permittivity of BaTiO3-related ferroelectric ceramics have
been validated through a vast number of experiments.10–14

Moreover, there have been some mechanism analyses of
the size-dependent dielectric permittivity based on numeri-
cal modeling.15–17 However, few experimental reports con-
cerning the grain-size dependence of the dielectric
breakdown strength18 and even fewer mechanistic analyses
have been carried out on the size-dependent dielectric
breakdown of ferroelectric ceramics. It has been reported
that the dielectric breakdown strength dominates the energy
performance in ferroelectric materials compared to the
dielectric permittivity, especially under an ultrahigh electric
field from the experimental aspect.19 Furthermore, the
energy storage efficiency is considered one of the most
important indicators of ferroelectric energy storage ceram-
ics, which is why relaxor ferroelectric ceramics are attract-
ing increasingly more attention in applications of energy
storage devices.20–25 Such energy storage densities can be
easily calculated from electric hysteresis loops.

In this contribution, 4 nanostructured ferroelectric ceram-
ics containing grain and grain-boundary structures of differ-
ent grain sizes are constructed via a Voronoi tessellation.
Over these structures, a phase-field method is introduced to
evaluate the dielectric breakdown strength of these ferroelec-
tric ceramics. Afterward, the relationship between the electric
field displacement and applied electric field is studied using
a finite element method based on a classical and modified
hyperbolic tangent model. The electric hysteresis loops of
these 4 ferroelectric ceramics under their breakdown electric
field and a chosen electric field are calculated. The dielectric
permittivity, energy density, and energy storage efficiency of
these ferroelectric ceramics are also extracted from the calcu-
lated electric hysteresis loops.

2 | MODELING

To illustrate the grain-size effect on the dielectric and
energy storage properties, 4 nanostructured ferroelectric

ceramic models with different grain sizes, containing both
grain (blue domain) and grain-boundary (green domain)
structures, are constructed, as shown in Figure 1. The
length and height of all models are fixed at 600 and
1200 nm, respectively. The grain size of these models
ranges from 50 to 125 nm, and the grain-boundary thick-
ness is considered as grain-size independent15 and taken to
be approximately 5 nm. These structures can be regarded
as a ferroelectric-dielectric composite, in which the grain
boundaries are linear dielectric, while the grains are ferro-
electric. The detailed descriptions of the phase-field models
on the dielectric breakdown and the modified hyperbolic
tangent model on the electric hysteresis are presented as
follows.

2.1 | Phase-field model for the dielectric
breakdown

Following Pitike and Hong,26–28 a phase-field model is
developed by drawing an analogy between the dielectric
breakdown and mechanical fracture. To characterize the
dielectric breakdown behavior of these ferroelectrics, we
introduce a scalar phase field s(x, y, t). The value of s var-
ies from 0 to 1, which, respectively, features the fully dam-
aged state and the intact state. The fully damaged part
becomes conductive and is modeled as a dielectric of very
high permittivity, ɛini/g, where ɛini is the initial permittivity
and g is a small enough number, taken to be 10�4 in the
current study. For an intermediate state, the permittivity is
interpolated by

eðsÞ ¼ eini
f ðsÞ þ g

, (3)

where f(s) = 4s3�3S4. Furthermore, the ferroelectric
ceramics include both grains and grain boundaries. As
mentioned above, the relative permittivity of grains is
electric field dependent following Johnson’s approxima-
tion29:

egðEÞ ¼ egð0Þ
1þ kE2ð Þ1=3

, (4)

where eg 0ð Þ is the zero-field relative permittivity and is
taken to be 2000, which is typical for ferroelectric ceramics
such as BaTiO3.

30 The parameter k is a material constant
that is related to the Johnson’s parameter b by
k ¼ 3b e0eg 0ð Þ� �3 with ɛ0, as the vacuum permittivity. On
the other hand, the relative permittivity of the grain bound-
ary, ɛgb is assumed to be field independent with values
close to several other nonferroelectric titanates.31,32 Here,
we take ɛgb = 100 in our simulation.33,34 Thus, the permit-
tivity of these ferroelectric ceramics such as BaTiO3 can be
written as35:
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eini Eð Þ ¼
eg 0ð Þ

1þkE2ð Þ1=3 in grain

egb on grain boundary

(
. (5)

In this model, the total free energy consists of comple-
mentary electrostatic energy per unit volume,

Wes E; sð Þ ¼ � REmax

0

e0eg sð ÞE
1þkE2ð Þ13

dE in grain

� e0egb sð Þ
2 E � E on grain boundary

8><
>: ;

the energy of damage, Wd sð Þ ¼ Wc 1� f sð Þ½ �, with Wc indi-
cating the critical density of the electrostatic energy, and
the gradient energy term to regulate the sharp phase bound-
aries, Wi rsð Þ ¼ C

4 rs � rs. The material parameter Γ is
approximately the breakdown energy.20 Breakdown occurs
if such a process decreases the total potential energy of the
system

P s;/½ � ¼
Z
X

Wes E; sð Þ þWd sð Þ þWi rsð Þ½ �dV : (6)

Assuming linear kinetics: @s/@t = �mdΠ/ds, with
mobility m as a material parameter that characterizes the
speed of the breakdown propagation in ferroelectric ceram-
ics, we write the final normalized governing equations in
dimensionless form as:

r � eg sð Þ 1þ �kr�/ � r�/
� ��1

3r�/
� �

¼ 0

@s
@�t ¼ � 3eg 0 sð Þ

4�k 1þ �kr�/ � r�/
� �2

3 � 1
� �

þ f 0ðsÞ þ 1
2r

2
s

8><
>:

(7)

r � egb sð Þr�/
� 	 ¼ 0

@s
@�t ¼ � egb 0 sð Þ

2 r�/ � r�/þ f 0 sð Þ þ 1
2r

2
s

(
(8)

in which the dimensionless quantities are denoted by
over-bared symbols of the corresponding dimensional
quantities. Generally, the breakdown energy grain bound-
ary is considered higher than that of the grain. Therefore,
in our simulation, the breakdown energy is set as
Γg/Γgb = 1/10, and the nonlinear factor is taken as
�k = 1E4. The phase-field model is calculated by imple-
menting Equations (7) and (8) into COMSOL Multi-
physics 5.3. The loading setup for the computational
domain is shown in Figure 2A. An electric field concen-
trator is introduced to dominate the overall random
defects. Limited by the computational power, all simula-
tions are carried out in two-dimensional (2D) domains.

2.2 | Modified hyperbolic tangent model on
the electric hysteresis

The polarization response is one of the essential character-
istics that determines the dielectric performance of ferro-
electric ceramics such as electric displacement, energy
storage density, and efficiency.20 The apparent polarization
response can be easily measured experimentally. However,
regarding the numerical model, the local electric field var-
ies at different positions under an applied field due to the
highly inhomogeneous microstructure of the ferroelectric
ceramics. The overall dielectric properties should be
obtained by taking all local properties into consideration.
Therefore, a finite element method simulation is adopted in

FIGURE 1 Voronoi polygonal structured ferroelectrics containing grains of different sizes and grain boundaries of the same thickness [Color
figure can be viewed at wileyonlinelibrary.com]
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our model to characterize the overall properties of these
ferroelectric ceramics for their applicability in arbitrary
geometries and boundary conditions.

The typical polarization response of ferroelectric ceram-
ics under an applied electric field can be seen in Fig-
ure 2B. As mentioned in Section 2.1, the grain boundaries
are considered a linear electric field response without hys-
teresis. The constant dielectric permittivity value of the
grain boundaries is exactly the same as that described in
the phase-field model. On the other hand, due to the hys-
teretic dielectric feature of the ferroelectric ceramic grains,
as shown in the upper part of Figure 2B, the polarization
response during charge and discharge processes are sepa-
rately considered. A classical hyperbolic tangent function is
employed during the initial charge upswing,36–38 which is
written as

P ¼ Pstanh
e0 eg 0ð Þ � 1
� �

E
Ps

� �
, (9)

where P is the polarization under the applied field of E and
Ps, ɛ0, and eg 0ð Þ are the saturation polarization, vacuum
permittivity, and the zero-electric-field permittivity of cera-
mic grain, respectively. When combined with the standard
constitutive definition D = ɛ0E + P, here D represents the
electric displacement, and the dielectric permittivity of
ceramic grain e0c

� �
during the initial upswing can be

derived by

e0c ¼ 1þ Ps

e0E
tanh

e0 eg 0ð Þ � 1
� �

E
Ps

� �
. (10)

However, regarding the discharge downswing process,
the permittivity of the ceramic grain will be different from

the one during the initial upswing due to the hysteretic
character. In this case, the constitutive definition between
D and E is modified to

D ¼ e0êE þ Pr (11)

where ê is the dielectric permittivity of the ceramic grain
during discharge downswing and Pr is the remnant polar-
ization. Theoretically, if the polarization during the
upswing reaches the saturation state, the polarization during
the downswing is assumed by a modified hyperbolic tan-
gent function36 as

P ¼ Pstanh
e0 eg 0ð Þ � 1
� �

E þ Ecð Þ
Ps

� �
; (12)

where Ec is the magnitude of the coercive field and is
linked with Pr via the relationship

Ec ¼ Ps=e0
eg 0ð Þ � 1
� � tanh�1 Pr

Ps


 �
. (13)

However, in the actual case, the maximum applied
electric field may not guarantee the saturation state of
the polarization, which means that the achieved maxi-
mum polarization Pm will not necessarily be Ps, resulting
in the remnant polarization also being less than Pr.
Therefore, a modified remnant polarization P̂r is devised
by Calame39 in the relationship with Pm, Ps and Pr.
Simultaneously, the modified saturation polarization P̂s

and coercive field Êc can be obtained under the given
values of Pm and Ps. Eventually, the dielectric permittiv-
ity of the ceramic grain during the downswing
corresponds to the modified hyperbolic tangent model is
written as

FIGURE 2 Schematic of (A) the
loading setup for the computational domain
in the phase-field model and (B) the
polarization response of the ferroelectric
ceramic grain and grain boundary. In
polarization response illustration of the
ferroelectric ceramic grain. The up-branch
(red curve) represents the discharging
process and the down-branch (black curve)
represents the charge process [Color figure
can be viewed at wileyonlinelibrary.com]
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ê0c ¼ 1þ 1
e0E

(
P̂s tanh

e0 eg 0ð Þ � 1
� �

E þ Êc
� �

P̂s

" #

þP̂s � Ps � P̂r

)
. (14)

The electric field-dependent dielectric properties, such
as dielectric permittivity, electric displacement and electric
field can be solved based on the Gauss’ law, through

r � D ¼ 0: (15)

The loading setup is quite similar to that in the phase-
field model shown in Figure 2A but without the field con-
centrator. The saturation polarization of the ceramic grain
is set as 0.3 C/m2, and the remnant polarization is set to be
1/2 of the saturation polarization.30

3 | RESULTS AND DISCUSSION

3.1 | Dielectric breakdown strength

The breakdown paths and distribution of the damage scalar
(s) of these 4 nanostructured ferroelectric ceramics with dif-
ferent grain sizes are shown in Figure 3. We can see that the
breakdown begins at the field concentrator, which is intro-
duced to dominate the overall random defects, so that the
randomness of the results can be controlled.27 Afterward, the
breakdown region starts to propagate across the ceramic
grain and will be blocked by the nearest grain boundary since
the breakdown energy of the grain boundary is much higher
than that of the grain. When the applied electric field is large
enough, the breakdown path will pass across the grain
boundary and finally arrive at the negative electrode, which
indicates that the ferroelectric ceramic is fully damaged.

During the dielectric breakdown process, the breakdown
path of a smaller grain-sized ceramic will pass across more

grain boundaries and dissipate more energy, which leads to a
higher breakdown strength. The largest nominal electric field
during the breakdown process is then defined as the nominal
breakdown strength of these ferroelectric ceramics with data
plotted in Figure 4. It can be easily found that along with a
decrease in the ceramic grain size, the nominal breakdown
strength will be significantly enhanced. The nominal
breakdown strength of the ferroelectric ceramic with a grain
size of 50 nm is almost 50% higher than that a grain size of
125 nm. This finding shows good agreement with other
experimental results.18,40 Within the grain size scale in our
simulation, the thickness of the grain boundary is considered
as grain size independent, which is widely adopted by other
reports.15,41

The calculated volume fractions of 50, 75, 100, and
125 nm grain-sized ferroelectric ceramics are 18.1%,
12.3%, 9.4%, and 7.4%, respectively, which directly means
as the grain size decreases, the volume fraction of the grain
boundaries increase gradually. The grain boundary is the
“strong” part of the ceramic under an applied electric field
and is difficult to damage due to its higher breakdown
energy. Similarly, the ceramic grain is “weak” part and can
easily be broken down compared to the grain boundary.
Therefore, the enhanced dielectric breakdown strength of
ferroelectric ceramics with smaller grain sizes is due to the
larger amount of grain boundaries. Furthermore, the distri-
bution of the local electric field will also affect the dielec-
tric breakdown strength of ferroelectric ceramics, and we
will specifically discuss this topic later in Section 3.2.

3.2 | Dielectric response and energy storage
properties

The spatial distributions of the local electric field of 4 differ-
ent grain size ferroelectric ceramics under an applied electric
field of 30 V/lm are shown in Figure 5A-D. It can be easily

(A) (B) (C) (D)

FIGURE 3 The breakdown path featured by different grain sizes: A, 50 nm; B, 75 nm; C, 100 nm; and D, 125 nm. The contour lines are
the equipotential lines of the then current electric field [Color figure can be viewed at wileyonlinelibrary.com]
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found that the higher electric field is stressed on the grain
boundary zoom, and its value is much higher than that on the
grains, which is caused by the vast dielectric permittivity dif-
ference between the ceramic grain and grain boundary
according to the voltage divider rule in capacitors.42 Under a
given applied electric field, the distribution of the local elec-
tric field is very sensitive to the grain size. As the grain size
decreases, the heterogeneity of the local electric field is
weakened, which also contributes to the higher dielectric
strength of the ferroelectric ceramics with smaller grain sizes.
The dielectric breakdown usually occurs where the local
electric field is most concentrated26; therefore, a more homo-
geneous distribution of the local electric field will lead to a
higher dielectric breakdown strength.

A closer look at the local electric field distribution of
these 4 ceramics is taken by statistically normalizing the
local electric field to the applied electric field in Fig-
ure 5A-D, named the relative electric field38 with the
results plotted in Figure 6. The higher peak at a low rela-
tive electric field points to the grain zoom, while the lower
peak points to the grain boundary zoom. Both relative elec-
tric field peaks shift toward a lower value with a decrease
in the grain size, which directly indicates a more uniform
local electric field distribution inside the smaller-grain-sized
ferroelectric ceramic.

The dielectric breakdown strength calculated through
the phase-field method in Section 3.1 is the nominal value,
which is estimated by normalizing the electric and damage
field. Regarding the modified hyperbolic tangent model,
the unit of breakdown strength should be considered. In
the opposite of normalization,28 the dielectric breakdown
strengths are taken as 30, 34, 42, and 44 V/lm correspond-
ing to the ferroelectric ceramics with the grain size of 125,
100, 75, and 50 nm, respectively, in the modified hyper-
bolic tangent model. The relative electric displacement vs
the applied electric field of ferroelectric ceramics with 4
different grain sizes up to their breakdown strength during
upswing and downswing is shown in Figure 7A. An elec-
tric hysteresis loop is also recognized in the first quadrant,
which features the hysteretic polarization response of ferro-
electric ceramics under an alternating electric field. Nota-
bly, the slope of the upswing curve drops off along with
the declining grain size, which indicates a decreasing
dielectric permittivity. The results show good agreement
with Figure 8, in which the effective dielectric permittivity
calculated from the average local permittivity of these fer-
roelectric ceramics is displayed. One can observe that
under the same applied electric field, as the grain size

FIGURE 4 The relationship of the nominal breakdown strength
vs grain size

(A) (B) (C) (D)

FIGURE 5 Local electric field distribution of 4 different grain size ferroelectric ceramics: A, 50 nm; B, 75 nm; C, 100 nm; and (D) 125 nm
under an applied electric field of 30 V/lm [Color figure can be viewed at wileyonlinelibrary.com]
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decreases, the dielectric permittivity of the ferroelectric
ceramic will behave the same way but with a weakened
nonlinear performance.

The charge and discharge energy storage density, as
well as the energy storage efficiency, can be numerically
calculated from the following formulas:

Wcha ¼
ZDm

0

EdD, (16)

Wdis ¼
ZDm

Dr

EdD, (17)

g ¼ Wcha

Wdis
� 100%, (18)

where Dr and Dm are the remnant electric displacement and
maximum electric displacement, respectively, and Wcha,
Wdis, and g indicate the charge energy storage density, dis-
charge energy storage density, and the energy storage effi-
ciency, respectively.

As seen in Figure 7B, the charge and discharge energy
storage densities along with the energy storage efficiencies
under each of their breakdown points are calculated via Equa-
tions (16)-(18) from Figure 7A. It can be observed that
although the smaller grain-sized ceramic displays lower elec-
tric displacement under the same applied electric field, it can
still reach a larger discharge energy storage density than that
of the larger grain-sized ceramic since it holds a higher dielec-
tric breakdown electric field. This behavior theoretically

FIGURE 6 Relative local electric field distributions of these
ferroelectric ceramics at various grain sizes under a given applied
electric field of 30 V/lm [Color figure can be viewed at wileyonline
library.com]

FIGURE 7 A, Electric displacement vs applied field of the
ferroelectric ceramics with different grain sizes up to their breakdown
strength. B, Energy discharge and charge density and efficiency
against the grain size at each breakdown point [Color figure can be
viewed at wileyonlinelibrary.com]

FIGURE 8 Dielectric permittivity as a function of the electric
field of the nanostructure ferroelectric ceramics with different grain
sizes [Color figure can be viewed at wileyonlinelibrary.com]
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verifies that the dielectric breakdown strength dominates the
energy performance in ferroelectric ceramics. Simultane-
ously, the energy storage efficiency of ferroelectric ceramics
with grain sizes of 50 nm is up to 80%. That is, why the fer-
roelectric ceramic with grain sizes of 75 nm exhibits a larger
charge energy storage density but a smaller discharge energy
storage density than that of a 50 nm grain-sized ceramic.

For a better comparison, the electric hysteresis loops of
these 4 different grain-sized ceramics all under the same
maximum applied electric field of 30 V/lm are calculated
as shown in Figure 9A. Meanwhile, the calculated charge
and discharge energy storage density and the energy storage
efficiency under this maximum applied electric field are
demonstrated in Figure 9B. It is clear that the maximum
electric displacement is lower in smaller grain-sized ceramic,
which results in a lower charge and discharge energy storage
density. However, the remnant displacement of the small
grain-sized ceramics is also reduced obviously, which leads

to a significantly enhanced energy storage efficiency of fer-
roelectric ceramics with small grain sizes. Such phe-
nomenon can easily be understood through the dielectric
permittivity response, as seen in Figure 8. With a decreasing
grain size, the volume fraction of the grain boundary
increases, as mentioned above. The dielectric permittivity
inside the grain boundary is much lower than that of the
grain. Thus, the effective dielectric permittivity will decline
as the grain size of ceramic becomes smaller. Furthermore,
the lower value of the dielectric permittivity corresponds to
a lower electric displacement under the same applied field,
which will lead to a lower energy storage density. However,
the weakened nonlinear performance of the permittivity will
improve the energy storage efficiency. In general, in spite of
the lower electric displacement under the same applied elec-
tric field, ferroelectric ceramics with smaller grain sizes still
show tremendous superiority in the field of energy storage,
since they hold a larger dielectric breakdown strength
together with a higher energy storage efficiency.

4 | CONCLUSION

Four nanostructured ferroelectric ceramics with different
grain sizes are established via Voronoi tessellations. The
dielectric breakdown strength and ferroelectric hysteresis
loop are numerically calculated through a phase-field model
and a finite element method based on a classical and modi-
fied hyperbolic tangent model, respectively. It is found that
as the grain size decreases, the dielectric strength is enhanced,
but the dielectric permittivity is reduced. Under the same
applied electric field, the ferroelectric ceramic with the smal-
ler grain size possesses a lower discharge energy density but
higher energy storage efficiency. When the applied electric
field reaches their own breakdown strength, the smallest
grain-sized ceramic displays the largest discharge energy
density and energy storage efficiency. It is highly suggested
that ferroelectric ceramics with smaller grain sizes can be
used for applications in energy storage devices.
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